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ADELIC DIVISORS ON ARITHMETIC VARIETIES
ATSUSHI MORIWAKI
ABSTRACT. In this article, we generalize several fundamental results for arithmetic divi-
sors, such as the continuity of the volume function, the generalized Hodge index the-
orem, Fujita’s approximation theorem for arithmetic divisors and Zariski decomposi-
tions for arithmetic divisors on arithmetic surfaces, to the case of the adelic arithmetic
divisors.
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INTRODUCTION
The theory of birational Arakelov geometry has advanced tremendously over the last
decade, such as the continuity of the volume function, the generalized Hodge index
theorem, Fujita’s approximation theorem for arithmetic divisors, Zariski decomposi-
tions for arithmetic divisors on arithmetic surfaces and so on. Besides them, non-
ArchimedeanArakelov geometry is alsowell-developedusingBerkovich analytic spaces.
In this article, we would like to generalize the fundamental results for arithmetic divi-
sors to the case of adelic arithmetic divisors.
0.1. BirationalArakelov geometry. LetX be a (d+1)-dimensional, generically smooth,
projective, normal arithmetic variety, that is,X is a projective and flat normal integral
scheme over Z such thatX is smooth over Q and the Krull dimension ofX is d +1. A
pair D = (D, g∞) is called an arithmetic R-Cartier divisor of C 0-type onX if the follow-
ing conditions are satisfied:
(i) The first D is an R-Cartier divisor onX , that is, D = a 1D1+ · · ·+a rDr for some
Cartier divisorsD1, . . . ,Dr onX and a 1, . . . ,a r ∈R.
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(ii) The second g∞ is a real valued continuous function on (X \ Supp(D))(C) such
that, for each x ∈X (C), g∞+
∑r
i=1a i log |f i |
2 extends to a continuous function
around x , where f 1, . . . , f r are local equations of D1, . . . ,Dr at x , respectively. In
addition, g∞ is invariant under the complex conjugationmap.
Let Rat(X ) be the rational function field ofX . We defineH 0(X ,D) to be
H 0(X ,D) :=

φ ∈Rat(X )× | D +(φ)≥ 0
	
∪ {0}.
Note thatH 0(X ,D) is a finitely generatedZ-module. Forφ ∈H 0(X ,D), we can see that
|φ|exp(−g∞/2) extends to a continuous function ϑ onX (C), so that
sup{ϑ(x ) | x ∈X (C)}
is denoted by ‖φ‖g∞ . The volumeÓvol(D) ofD, by definition, is given by
Óvol(D) := limsup
n→∞
log#
¦
φ ∈H 0(X ,nD) | ‖φ‖ng∞ ≤ 1
©
nd+1/(d +1)!
.
It is known that the volume functionÓvol has the following fundamental properties (for
details, see [26]):
(1) (Finiteness)Óvol(D)<∞ ([22], [23]).
(2) (Limit theorem)Óvol(D) = lim
n→∞
log#
¦
φ ∈H 0(X ,nD) | ‖φ‖ng∞ ≤ 1
©
nd+1/(d +1)!
([7], [23]).
(3) (Positive homogeneity)Óvol(aD) = ad+1Óvol(D) for a ∈R≥0 ([22], [23]).
(4) (Continuity) The volume functionÓvol is continuous in the following sense: Let
D1, . . . ,Dr ,A 1, . . . ,A s be arithmetic R-Cartier divisors of C 0-type onX . For a
compact subset B in Rr and a positive number ε, there are positive numbers δ
and δ′ such thatÓvol
 r∑
i=1
a iD i +
s∑
j=1
δjA j +(0,φ)
−Óvol r∑
i=1
a iD i
!≤ ε
for all a 1, . . . ,a r ,δ1, . . . ,δs ∈R andφ ∈C 0(X )with (a 1, . . . ,a r )∈ B , |δ1|+· · ·+|δs | ≤
δ and ‖φ‖sup ≤δ′ ([22], [23]).
Here we would like to introduce several kinds of the positivity of an arithmetic R-
Cartier divisorD of C 0-type onX .
• Big:Óvol(D)> 0.
• Relatively nef: the first Chern current c1(D) is positive and D is relatively nef
with respect toX → Spec(Z), that is, deg(D|C )≥ 0 for all vertical 1-dimensional
closed integral subschemesC ofX .
• Nef: D is relatively nef andddeg(D|C )≥ 0 for all horizontal 1-dimensional closed
integral subschemesC ofX .
In addition, D is said to be integrable if D = D
′
−D
′′
for some relatively nef arithmetic
R-Cartier divisors D
′
and D
′′
of C 0-type. For integrable arithmetic R-Cartier divisors
D1, . . . ,Dd+1 of C 0-type, the arithmetic intersection number ddegD1 · · ·Dd+1 is well-
defined (cf. [26, Subsection 6.4], [27, Subsection 2.1]). The following fundamental re-
sults were obtained by several authors such as Faltings, Gillet-Soulé, S. Zhang, Mori-
waki, H. Chen, X. Yuan and so on:
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(5) (Generalized Hodge index theorem) IfD is relatively nef, thenddeg(Dd+1)≤Óvol(D).
Moreover, ifD is nef, thenddeg(Dd+1) =Óvol(D) ([9], [10], [33], [22], [26]).
(6) (Fujita’s approximation theorem for arithmetic divisors) If D is big, then, for
any positive number ε, there are a birational morphism µ : Y → X of gener-
ically smooth, normal and projective arithmetic varieties and a nef arithmetic
R-Cartier divisorQ of C 0-type onY such that
Q ≤µ∗(D) and Óvol(D)−ε≤Óvol(Q)≤Óvol(D)
([7], [31], [24]).
(7) (Zariski decompositions for arithmetic divisors on arithmetic surfaces) We as-
sume that d = 1 and X is regular. Let Υ(D) be the set of all nef arithmetic
R-Cartier divisorsL ofC 0-type onX withL ≤D. If Υ(D) 6= ;, then there is the
greatest elementQ ofΥ(D), that is,Q ∈Υ(D) andL ≤Q for allL ∈Υ(D) ([26],
[28]).
The purpose of this article is to generalize the above results to adelic arithmetic divi-
sors.
0.2. Green functions on analytic spaces over a compete discrete valuation field. Let
k be a field and v a non-trivial complete discrete valuation of k . Let X be a projective
and geometrically integral variety over k . LetX an be the analytificationofX in the sense
of Berkovich [2]. Note that X an is a compact Hausdorff space. Let Rat(X ) be the rational
function field of X . LetD be anR-Cartier divisor on X , that is,D = a 1D1+ · · ·+a rDr for
some Cartier divisors D1, . . . ,Dr on X and a 1, . . . ,a r ∈ R. Let X =
⋃N
i=1Ui be an affine
open covering of X such that each D j is given by f j i ∈Rat(X )× onUi for j = 1, . . . ,r . We
say a continuous function
g : X an \
⋃r
j=1
Supp(D j )
an→R
is a D-Green function of C 0-type on X an if g +
∑r
j=1a j log |f j i |
2 extends to a continuous
function onU ani for each i = 1, . . . ,N .
Let X be a model of X over Spec(k ◦), that is, X is a projective and flat integral
scheme over Spec(k ◦) such that the generic fiber ofX → Spec(k ◦) is X , where
k ◦ := { f ∈ k | v ( f )≤ 1}.
We assume that there are Cartier divisors D1, . . . ,Dr on X such that Dj ∩ X = D j for
j = 1, . . . ,r . We set D := a 1D1 + · · ·+ a rDr . The pair (X ,D) is called amodel of (X ,D).
For x ∈ X an \
⋃r
j=1Supp(D j )
an, let f 1, . . . , f r be local equations ofD1, . . . ,Dr at ξ= rX (x ),
respectively, where rX : X an → X◦ is the reduction map and X◦ is the central fiber of
X → Spec(k ◦). We define g (X ,D)(x ) to be
g (X ,D)(x ) :=−
r∑
j=1
a j log |f j (x )|
2.
It is easy to see that g (X ,D) is aD-Green function ofC 0-type on X an. We call it theGreen
function induced by the model (X ,D).
We say aD-Green function g is of (C 0∩PSH)-type ifD is nef and there is a sequence
{(Xn ,Dn )}∞n=1 of models of (X ,D)with the following properties:
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(i) For each n ≥ 1,Dn is relatively nef with respect toXn → Spec(k ◦).
(ii) If we set φn = g (Xn ,Dn )− g , then limn→∞ ‖φn‖sup = 0.
0.3. Adelic arithmetic divisors. Let K be a number field andOK the ring of integers in
K . We denote the set of all maximal ideals ofOK byMK . For P ∈MK , the valuation vP
of K at P is given by
vP( f ) = #(OK /P)
−ordP ( f ).
Let KP be the completion of K with respect to vP . Let X be a d -dimensional, projec-
tive, smooth and geometrically integral variety over K and let XP := X ×Spec(K )Spec(KP ),
which is also a projective, smooth and geometrically integral variety over KP . Let X (C)
be the set of allC-valued points of X , that is,
X (C) :=

x : Spec(C)→ X | x is a morphism as schemes
	
.
Let F∞ : X (C)→ X (C) be the complex conjugation map, that is, for x ∈ X (C), F∞(x ) is
given by the composition of morphisms Spec(C)
−a
−→ Spec(C) and Spec(C)
x
→ X , where
Spec(C)
−a
→ Spec(C) is the morphism induced by the complex conjugation. The space
of F∞-invariant real valued continuous functions on X (C) is denoted byC 0F∞(X (C)), that
is,
C 0
F∞
(X (C)) :=
¦
ϕ ∈C 0(X (C)) |ϕ ◦ F∞ =ϕ
©
.
A pairD = (D, g ) of anR-Cartier divisorD on X and a collection of Green functions
g =

g P
	
P∈MK
∪

g∞
	
is called an adelic arithmetic R-Cartier divisor of C 0-type on X if the following condi-
tions are satisfied:
(1) For each P ∈MK , g P is aD-Green function ofC 0-type on X anP . In addition, there
are a non-emptyopen setU of Spec(OK ), a normalmodelXU ofX overU and an
R-Cartier divisorDU onXU such thatDU ∩X =D and g P is aD-Green function
induced by the model (XU ,DU ) for all P ∈U ∩MK .
(2) The function g∞ is an F∞-invariantD-Green function of C 0-type on X (C).
For simplicity, a collection of Green functions g = {g P}P∈MK ∪ {g∞} is often expressed
by the following symbol:
g =
∑
P∈MK
g P [P]+ g∞[∞].
We denote the space of all adelic arithmetic R-Cartier divisors of C 0-type on X bydDiva
C 0
(X )R.
Let D = (D, g ) be an adelic arithmetic R-Cartier divisor of C 0-type on X . We define
H 0(X ,D) to be
H 0(X ,D) :=

φ ∈Rat(X )× |D +(φ)≥ 0
	
∪ {0}.
For φ ∈H 0(X ,D) and ℘ ∈MK ∪ {∞}, |φ|exp(−g℘/2) extends to a continuous function,
so that its supremum is denoted by ‖φ‖g℘ . The set Hˆ 0(X ,D) of small sections of D and
the volumeÓvol(D) ofD are defined by
Hˆ 0(X ,D) :=
¦
φ ∈H (X ,D) | ‖φ‖g℘ ≤ 1 for all ℘∈MK ∪ {∞}
©
,
Óvol(D) := limsup
n→∞
log#Hˆ 0(X ,nD)
nd+1/(d +1)!
,
ADELIC DIVISORS ON ARITHMETIC VARIETIES 5
respectively. Similarly as given for arithmetic divisors, we can also introduce several
kinds of the positivity ofD as follows:
• Big:Óvol(D)> 0.
• Relatively nef: g P is of (C 0∩PSH)-type for all P ∈MK and the first Chern current
c1(D, g∞) is positive.
• Nef: D is relatively nef and the height function arising from D is non-negative.
Further, D is said to be integrable if D = D
′
−D
′′
for some relatively nef adelic arith-
metic R-Cartier divisors D
′
and D
′′
of C 0-type on X . For integrable adelic arithmetic
R-Cartier divisorsD1, . . . ,Dd+1 of C 0-type on X , the arithmetic intersection numberddegD1 · · ·Dd+1
can be defined (cf. Subsection 4.5).
0.4. Main results. Let X be a d -dimensional, projective, smooth and geometrically
integral variety over a number field K . The following theorems are the main results
of this article. Theorem 0.4.1, Theorem 0.4.2, Theorem 0.4.3 and Theorem 0.4.4 are
generalizations of (4), (5), (6) and (7), respectively. The properties (1), (2) and (3) also
hold for adelic arithmetic divisors (cf. Theorem 5.1.1). Several similar results on arith-
metic toric varieties are known. For details, see [3] and [4]. The adelic version of Fujita’s
approximation theorem has been already established by Boucksom and Chen [5]. In
this article, we give another proof of it and generalize it to R-divisors. Further, Theo-
rem 0.4.5 is a generalization of the result proved in [28].
Theorem 0.4.1 (Continuity of the volume function for adelic arithmetic divisors). The
volume functionÓvol :dDiva
C 0
(X )R→R is continuous in the following sense: Let D1, . . . ,D r ,
A1, . . . ,A r ′ be adelic arithmetic R-Cartier divisors of C 0-type on X . Let {P1, . . . ,Ps } be a
finite subset of MK . For a compact subset B in Rr and a positive number ε, there are
positive numbers δ and δ′ such thatÓvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j +
 
0,
s∑
l=1
ϕPl [Pl ]+ϕ∞[∞]
!−Óvol r∑
i=1
a iD i
!≤ ε
holds for all a 1, . . . ,a r ,δ1, . . . ,δr ′ ∈R,ϕP1 ∈C
0(X anP1 ), . . . ,ϕPs ∈C
0(X anPs )andϕ∞ ∈C
0
F∞
(X (C))
with (a 1, . . . ,a r )∈ B,
∑r ′
j=1 |δj | ≤δ and
∑s
l=1 ‖ϕPl ‖sup+ ‖ϕ∞‖sup ≤δ
′.
Theorem 0.4.2 (Generalized Hodge index theorem for adelic arithmetic divisors). Let
D be a relatively nef adelic arithmeticR-Cartier divisor of C 0-type on X . Thenddeg(Dd+1)≤Óvol(D).
Moreover, if D is nef, thenddeg(Dd+1) =Óvol(D).
Theorem 0.4.3 (Fujita’s approximation theorem for adelic arithmetic divisors). Let D
be a big adelic arithmeticR-Cartier divisor of C 0-type on X . Then, for any positive num-
ber ε, there are a birational morphismµ : Y → X of smooth, projective and geometrically
integral varieties over K and a nef adelic arithmeticR-Cartier divisorQ of C 0-type on Y
such thatQ ≤µ∗(D) andÓvol(D)−ε≤Óvol(Q)≤Óvol(D).
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Theorem 0.4.4 (Zariski decompositions for adelic arithmetic divisors on curves). We
assume d = 1. Let D be an adelic arithmeticR-Cartier divisor of C 0-type on X . LetΥ(D)
be the set of all nef adelic arithmetic R-Cartier divisors L of C 0-type on X with L ≤D. If
Υ(D) 6= ;, then there is the greatest elementQ of Υ(D), that is,Q ∈Υ(D) and L ≤Q for all
L ∈Υ(D). Moreover, the natural map Hˆ 0(X ,aQ )→ Hˆ 0(X ,aD) is bijective for a ∈R>0. In
particular,Óvol(Q) =Óvol(D).
Theorem0.4.5 (Numerical characterizationof nef adelic arithmeticdivisors on curves).
We assume d = 1. Let D be an integrable adelic arithmeticR-Cartier divisor on X . Then
D is nef if and only if D is pseudo-effective andddeg(D2) =Óvol(D).
0.5. Conventions and terminology.
0.5.1. For a topological spaceM , the set of all real valued continuous functions onM
is denote by C 0(M ). Note that C 0(M ) forms anR-algebra.
0.5.2. Let k be a field and v a non-Archimedean valuation of k . We define k ◦ and k ◦◦
to be
k ◦ := {x ∈ k | v (x )≤ 1} and k ◦◦ := {x ∈ k | v (x )< 1}.
Note that k ◦ is a valuation ring and k ◦◦ is itsmaximal ideal. If v is discrete and compete,
then k ◦ is excellent.
0.5.3. LetM be a finitely generated Z-module and let ‖ ·‖ be a norm ofMR :=M ⊗ZR.
We define hˆ0(M ,‖ · ‖) and χˆ(M ,‖ · ‖) to be
hˆ0(M ,‖ · ‖) := log#{x ∈M | ‖x‖ ≤ 1},
χˆ(M ,‖ · ‖) := log

vol(B (M ,‖ · ‖))
vol(MR/(M/M t or ))

+ log#(M t or ),
where B (M ,‖ ·‖) is the unit ball with respect to ‖ ·‖ (i.e. B (M ,‖ ·‖) := {x ∈MR | ‖x‖ ≤ 1}),
M t or is the torsion subgroup ofM and vol(MR/(M/M t or )) is the volume of the funda-
mental domain ofMR/(M/M t or ).
0.5.4. Let S be a noetherian integral scheme. An integral scheme X over S is called a
variety overS if X is flat, separated and of finite type overS. IfS is given by Spec(OK ) (i.e.
K is a number field andOK is the ring of integers in K ), then a variety over S is often
called an arithmetic variety.
0.5.5. Let S be a noetherian integral scheme and k the rational function field of S. Let
X be a projective variety over k . A projective variety X over S is called a model of X
over S if the generic fiber ofX →S is X . Moreover, ifX are normal (resp. regular), then
X is called a normal model of X over S (resp regular model of X over S). Note that if
X is normal (resp. regular), then X is also normal (resp. regular). We assume that S
is an excellent Dedekind scheme, dimX = 1 and X is smooth over k . By [18], for any
modelX of X over S, there is a regular modelX ′ of X over S together with a birational
morphismX ′→X .
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0.5.6. Let f :X → S be a proper morphism of noetherian schemes. Let C be a curve
onX , that is, a 1-dimensional reduced and irreducible closed subscheme onX . The
curveC is said to be vertical with respect to f :X →S if f (C ) is a closed point of S. For
L ∈ Pic(X )⊗R, we sayL is relatively nefwith respect to f :X →S if deg(L |C )≥ 0 for
all vertical curvesC onX . Let D be anR-Cartier divisor onX , that is,D = a 1D1+ · · ·+
a rDr for some Cartier divisorsD1, . . . ,Dr onX and a 1, . . . ,a r ∈R. TheR-Cartier divisor
D is said to be relatively nef with respect to f :X → S if OX (D1)⊗a 1 ⊗ ·· · ⊗ OX (Dr )⊗a r ∈
Pic(X )⊗R is relatively nef with respect to f :X →S.
0.5.7. Let (A,m ) be a 1-dimensional noetherian local domain. For x ∈ A \ {0}, we
define ordA(x ) to be ordA(x ) := lengthA(A/xA). It is easy to see that
ordA(xy ) = ordA(x )+ordA(y )
for x ,y ∈ A \ {0}, so that it extends to F× as a homomorphism, where F is the quotient
field of A. Further, if we set F×R := F
× ⊗Z R, then ordA also extends to F
×
R . Let X be a
noetherian integral scheme and γ a point of X such that dimOX ,γ = 1. Then ordOX ,γ is
often denoted by ordγ or ordΓ, where Γ is the closure of {γ}.
0.5.8. Let X be a regular scheme and let Div(X ) be the group of Cartier divisors on X .
We set Div(X )R := Div(X )⊗Z R, whose element is called an R-Cartier divisor. As X is
regular, anR-Cartier divisorD has a unique expression
D =
∑
Γ
aΓΓ,
where aΓ ∈R and Γ runs over all prime divisors on X . ForD1, . . . ,Dr ∈Div(X )R, we set
D1 =
∑
Γ
a 1,ΓΓ, . . . , Dr =
∑
Γ
a r,ΓΓ.
We definemax{D1, . . . ,Dr } and min{D1, . . . ,Dr } to be
max{D1, . . . ,Dr } :=
∑
Γ
max{a 1,Γ, . . . ,a r,Γ}Γ,
min{D1, . . . ,Dr } :=
∑
Γ
min{a 1,Γ, . . . ,a r,Γ}Γ.
1. PRELIMINARIES
The goal of this section is to prepare several kinds of materials for the later sections.
In Subsection 1.1, we consider the support of an R-Cartier divisor. In Subsection 1.2,
we quickly review the analytification of an algebraic scheme in the sense of Berkovich
[2]. Subsection 1.3 is devoted to the proof of several lemmas.
1.1. R-Cartier divisors on a noetherian integral scheme. Let A be a noetherian inte-
gral domain and F the quotient field of A. LetK be either Z orQ orR. We set
F×K := (F
×,×)⊗ZK and (A
×
p
)K := (A
×
p
,×)⊗ZK
for p ∈ Spec(A). As K is flat over Z, we have (A×
p
)K ⊆ F
×
K . For f ∈ F
×
K , we define VK( f ) to
be
VK( f ) :=
n
p ∈ Spec(A) | f 6∈ (A×
p
)K
o
.
Let us begin with the following proposition:
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Proposition 1.1.1. (1) VR( f ) =VQ( f ) for f ∈ F
×
Q .
(2) Let f ∈ F×. Then VQ( f ) =
⋂∞
n=1VZ( f
n ). Moreover, if A is normal, then VQ( f ) =
VZ( f ).
(3) For f ∈ F×K , the set VK( f ) is closed in Spec(A).
Proof. (1) By Lemma 1.3.1 in Subsection 1.3, (A×
p
)Q = F
×
Q ∩ (A
×
p
)R, and hence (1) follows.
(2) As F×Q /(A
×
p
)Q = (F×/A×p )⊗ZQ, f = 1 in F
×
Q /(A
×
p
)Q if and only if f n = 1 in F×/A×p for
somen ∈Z>0. Thus the first assertion follows. The second assertion is obvious because
VZ( f ) =VZ( f n ) if A is normal.
(3) First we prove that VZ( f ) is closed for f ∈ F×. We set
I = {a ∈ A | a f ∈ A} and J = I f .
Clearly I and J are ideals of A. Note that Ip = {a ∈ Ap | a f ∈ Ap} by [1, Corollary 3.15]).
Thus,
f ∈ A×
p
⇐⇒ Ip = Ap and Jp = Ap ,
so that VZ( f ) = Supp(Spec(A/I ))∪Supp(Spec(A/J )), which is closed.
Next let us see that V ( f )Q is closed for f ∈ F
×
Q . Clearly we may assume that f ∈ F
×
because, for n ∈Z>0, f ∈ (A×p )Q if and only if f
n ∈ (A×
p
)Q. Thus, by (2), VQ( f ) is closed.
Finally we consider the case K = R. We can find f 1, . . . , f r ∈ F× and a 1, . . . ,a r ∈
R such that f = f a 11 · · · f
a r
r
and a 1, . . . ,a r are linearly independent over Q. Then, by
Lemma 1.3.1,
f ∈ (A×
p
)R ⇐⇒ f 1, . . . , f r ∈ (A×p )Q,
and hence VR( f ) =
⋃r
i=1VQ( f i ), which is closed by the previous observation. 
Definition 1.1.2. Let X be a noetherian integral scheme and let Rat(X ) be the rational
function field of X . Let Div(X ) be the group of Cartier divisors on X , that is,
Div(X ) :=H 0

X ,Rat(X )×/O ×
X

.
LetK be either Z orQ orR. We set
Div(X )K :=Div(X )⊗ZK and Rat(X )
×
K :=Rat(X )
×⊗ZK.
An element of Div(X )K (reps. Rat(X )
×
K) is called a K-Cartier divisor on X (reps. K-
rational function on X ). A K-rational function f ∈ Rat(X )×K naturally gives rise to a
K-Cartier divisor, which is called the K-principal divisor of f and is denoted by ( f )K.
Occasionally, ( f )K is denoted by ( f ) for simplicity. ForD ∈Div(X )K (i.e.,D = a 1D1+· · ·+
a rDr for some D1, . . . ,Dr ∈ Div(X ) and a 1, . . . ,a r ∈K), there is an affine open covering
X =
⋃N
i=1Spec(A i ) of X such thatD is given by some f i ∈Rat(X )
×
K and f i/ f j ∈ (O
×
X ,p )K(:=
O ×X ,p ⊗ZK) for all p ∈Ui ∩Uj , so that VK( f i ) = VK( f j ) on Ui ∩Uj , where Ui = Spec(A i )
for i = 1, . . . ,N . Therefore, we have a closed set Z on X such that Z |Ui = VK( f i ) for all
i = 1, . . . ,N . It is called the K-support of D and is denoted by SuppK(D). By Proposi-
tion 1.1.1, SuppR(D) = SuppQ(D) for D ∈Div(X )Q and SuppQ(D) =
⋂∞
n=1SuppZ(nD) for
D ∈Div(X ).
From now on, we assume that X is normal. Then SuppQ(D) = SuppZ(D) for D ∈
Div(X ). For aK-Cartier divisorD onX , the associatedK-Weil divisor DW of D is defined
by
DW :=
∑
Γ : prime divisor
ordΓ( f Γ)Γ,
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where f Γ is a local equation of D at Γ. The support of D as a Weil-divisor is denoted by
SuppW (D), that is,
SuppW (D) :=
⋃
ordΓ( fΓ) 6=0
Γ.
Proposition 1.1.3. We assume that X is normal. Let D be aK-Cartier divisor on X . Then
SuppW (D)⊆ SuppK(D). Further, if X is regular, then SuppW (D) = SuppK(D).
Proof. We use the same notation as in Definition 1.1.2. Let p ∈Ui \ SuppK(D). Then
f i ∈ (O
×
X ,p )K. In particular, ordΓ( f i ) = 0 for all prime divisors Γ with p ∈ Γ, and hence
p 6∈ SuppW (D), as desired.
We assume that X is regular. Let p ∈ Ui ∩ SuppK(D). As OX ,p is a UFD, there are
distinct prime elements h1, . . . ,hr ∈ OX ,p modulo O
×
X ,p , u ∈ (O
×
X ,p )K and a 1, . . . ,a r ∈ R
such that f i = uh
a 1
1 · · ·h
a r
r
. If a 1 = · · · = a r = 0, then f i ∈ (O
×
X ,p )K, which contracts to
p ∈ Ui ∩ SuppK(D), so that we may assume that a 1, . . . ,a r ∈ R 6=0. Since h1, . . . ,hr are
distinct modulo O ×X ,p , Γ1 = Spec(OX ,p/h1), . . . ,Γr = Spec(OX ,p/hr ) give rise to distinct
prime divisors. In addition, ordΓj ( f i ) = a j for j = 1, . . . ,r . Therefore, p ∈ SuppW (D). 
Finally let us consider Hartogs’ lemma forR-rational functions.
Lemma 1.1.4 (Hartogs’ lemma for R-rational functions). Let A be a normal and noe-
therian domain and F the quotient field of A. For x ∈ F×R , if ordΓ(x ) ≥ 0 for all prime
divisors Γ of A, then there are x1, . . . ,xr ∈ A \ {0} and a 1, . . . ,a r ∈R>0 with x = x
a 1
1 · · ·x
a r
r
.
Proof. Let Σ be the set of all prime divisors of A. Clearly we can find y1, . . . ,yr ∈ F× and
c1, . . . ,cr ∈ R>0 such that x = y
c1
1 · · ·y
cr
r
and c1, . . . ,cr are linearly independent over Q.
We set Σ′ = {Γ∈Σ | ordΓ(x )> 0}. Let us see the following:
Claim 1.1.4.1. Σ′ is a finite set and ordΓ(yi ) = 0 for all Γ ∈Σ \Σ′ and i = 1, . . . ,r .
Proof. If Γ 6⊆ SuppZ((x )R), then ordΓ(x ) = 0, so that Σ
′ is a finite set. Moreover, if Γ ∈
Σ \Σ′, then
0= ordΓ(x ) = c1ordΓ(y1)+ · · ·+ cr ordΓ(yr ),
and hence ordΓ(y1) = · · · = ordΓ(yr ) = 0 by the linear independency of c1, . . . ,cr over
Q. 
By virtue of Lemma 1.3.2 in Subsection 1.3, there are e i j ∈ Q>0 (i , j = 1, . . . ,r ) and
a 1, . . . ,a r ∈R>0 such that, if we set x i = y
e i 1
1 · · ·y
e i r
r
for i = 1, . . . ,r , then x = x a 11 · · ·x
a r
r
and
ordΓ(x i )> 0 for all Γ ∈Σ′ and i = 1, . . . ,r . Replacing e i j by e e i j and a i by a i /e for some
e ∈ Z>0, we may assume that e i j ∈ Z for all i , j . In particular, x i ∈ F× for i = 1, . . . ,r .
Note that, for Γ ∈Σ \Σ′,
ordΓ(x i ) = e i1ordΓ(y1)+ · · ·+ e i r ordΓ(yr ) = 0,
and hence ordΓ(x i ) ≥ 0 for all Γ ∈ Σ and i = 1, . . . ,r . Therefore, by algebraic Hartogs’
lemma, x i ∈ A \ {0} for i = 1, . . . ,r , as required. 
1.2. Analytification of algebraic schemes over a complete valuation field. Through-
out this subsection, k is a field and v is a complete valuation of k . Here we quickly
review the analytification of algebraic schemes over k in the sense of Berkovich [2].
Let A be a k -algebra. We say a map | · | :A→R≥0 is amultiplicative semi-norm over k
if the following conditions are satisfied:
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(1) |a +b | ≤ |a |+ |b | for all a ,b ∈ A.
(2) |ab |= |a ||b | for all a ,b ∈ A.
(3) |a |= v (a ) for all a ∈ k .
Let x = | · |x be a multiplicative semi-norm over k . We set px := {a ∈ A | |a |x = 0}, which
is a prime ideal of A. We call px the associated prime of x . The residue field at px is
denoted by k (x ). Clearly x descents to a valuation vx of k (x ) such that vx (a ) = v (a ) for
all a ∈ k . The field k (x ) and the valuation vx are called the residue field of x and the
associated valuation of x , respectively. Conversely, let v ′ be a valuation of the residue
field k (p ) at p ∈ Spec(A) such that v ′(a ) = v (a ) for all a ∈ k . If we set |a | := v ′(a
mod p ) for a ∈ A, then | · | yields a multiplicative semi-norm over k whose residue field
and associated valuation are k (p ) and v ′, respectively. In particular, this observation
shows that if v is non-Archimedean, then | · | is also non-Archimedean, that is, |a +b | ≤
max{|a |, |b |} for all a ,b ∈ A.
We denote the set of all multiplicative semi-norms over k by Specan
k
(A). For x = | · |x ∈
Specan
k
(A), |a |x is often denoted by |a (x )|. We equip the weakest topology to Spec
an
k
(A)
such that the map Specan
k
(A)→ R≥0 given by x 7→ |a (x )| is continuous for every a ∈ A,
that is, the collectionn
{x ∈ Specan
k
(A) | |a (x )| ∈U}
o
a ,U
(where a ∈ A andU is an open set in R≥0)
forms a subbasis of the topology. A map Specan
k
(A)→ Spec(A) given by x 7→ px is de-
noted by p . It is easy to see that p : Specan
k
(A)→ Spec(A) is continuous.
Let f : A→ B be a homomorphism of k -algebras. We define amap
f an : Specan
k
(B )→ Specan
k
(A)
to be |a |f an (y ) = |f (a )|y for y = | · |y ∈ Specank (B ) and a ∈ A. We can easily check that
f an : Specan
k
(B )→ Specan
k
(A) is continuous. Let s be a non-nilpotent element of A. Let
ι : A→ As be the canonical homomorphism. Then we can see that ιan yields a homeo-
morphism
(1.2.1) Specan
k
(As )
≈
−→
homeo
¦
x ∈ Specan
k
(A) | |s (x )| 6= 0
©
.
Let X be an algebraic scheme over k , that is, a scheme separated and of finite type
over k . If X = Spec(A) is an affine scheme over k , then X an := Specan
k
(A). In general, if
X =
⋃N
i=1Ui is an affine open covering of X , then X
an is defined by gluing togetherU ani
as a topological space (cf. (1.2.1)). For each i , we can define p :U ani →Ui , which can be
extended to a continuous map p : X an→ X . Let f : X → Y be a morphism of algebraic
schemes over k . We can see that f induces a natural continuousmap f an : X an→ Y an.
From now on, we assume that v is non-Archimedean and X is proper over k . LetX
be a proper and flat scheme over Spec(k ◦) such that the generic fiber ofX → Spec(k ◦)
is X . LetX◦ be the central fiber ofX → Spec(k ◦), that is,X◦ =X ×Spec(k ◦) Spec(k ◦/k ◦◦)
(for the definitions of k ◦ and k ◦◦, see Conventions and terminology 0.5.2). Let
rX :X
an→X◦
be the reductionmap induced byX → Spec(k ◦), which can be defined in the following
way: For x ∈X an, let k (x )be the residuefield of x . Then, by using the valuationcriterion
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of properness, there is amorphism t : Spec(k (x )◦)→X such that the following diagram
is commutative:
Spec(k (x )) //

X

Spec(k (x )◦)
t
77
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
// Spec(k ◦)
Then rX (x ) is given by t (k (x )◦◦). Themorphism t : Spec(k (x )◦)→X yields a homomor-
phism OX ,rX (x )→ k (x )◦. In particular,
(1.2.2) |f |x ≤ 1 for all f ∈OX ,rX (x ).
It is well-known that rX : X an → X◦ is anti-continuous, that is, for any open set U of
X◦, r
−1
X (U ) is closed (cf. [2, Section 2.4]). Let Y be another proper algebraic scheme
over k and µ : Y → X a morphism over k . Let Y → Spec(k ◦) be a proper and flat
scheme over Spec(k ◦) such that the generic fiber of Y → Spec(k ◦) is Y and there is a
morphism µ˜ : Y → X over Spec(k ◦) as an extension of µ. It is easy to see that the
following diagram is commutative:
(1.2.3) Y an

rY
//
µan

Y◦
µ˜

X an
rX
// X◦
1.3. Miscellaneous lemmas. In this subsection, we prove seven lemmas, which are
non-trivial and indispensable for other subsections.
Lemma 1.3.1. Let V be a vector space over Q and W a subspace of V over Q. Let
x1, . . . ,xr ∈ V and a 1, . . . ,a r ∈ R such that a 1, . . . ,a r are linearly independent over Q.
If a 1x1+ · · ·+a rxr ∈W ⊗QR, then x1, . . . ,xr ∈W.
Proof. We set H :=
¦
φ ∈HomQ(V,Q) | φ

W
= 0
©
=HomQ(V /W ,Q). For φ ∈H , the nat-
ural extension to HomR(V ⊗QR,R) is denoted byφR. As a 1x1+ · · ·+a rxr ∈W ⊗QR, we
have
0=φR(a 1x1+ · · ·+a rxr ) = a 1φ(x1)+ · · ·+a rφ(xr )
for all φ ∈ H . Thus φ(x1) = · · · = φ(xr ) = 0 for all φ ∈ H because a 1, . . . ,a r are linearly
independent overQ andφ(x1), . . . ,φ(xr )∈Q. Therefore, x1, . . . ,xr ∈W . 
Lemma 1.3.2. Let V be a vector space over R. Let x1, . . . ,xr ∈ V , a 1, . . . ,a r ∈ R>0, x :=
a 1x1+ · · ·+a rxr andφ1, . . . ,φm ∈HomR(V,R). Ifφl (x )> 0 for all l = 1, . . . ,m, then there
are x ′1, . . . ,x
′
r
∈ Q>0x1 + · · ·+Q>0xr and a ′1, . . . ,a
′
r
∈ R>0 such that x = a ′1x
′
1 + · · ·+ a
′
r
x ′
r
and φl (x
′
i )> 0 for all i = 1, . . . ,r and l = 1, . . . ,m.
Proof. Let us begin with the following claim:
Claim 1.3.2.1. Let y1, . . . ,ys ∈ V , b1, . . . ,bs ∈ R>0 and ψ ∈ HomR(V,R). If ψ(yi ) > 0 for
i = 1, . . . ,s − 1 and ψ(b1y1 + · · · + bsys ) > 0, then there are c1, . . . ,cs−1 ∈ Q>0 such that
b i − c ibs > 0 for i = 1, . . . ,s −1 and
ψ(c1y1+ · · ·+ cs−1ys−1+ ys )> 0.
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Proof. As b1ψ(y1)+ · · ·+bs−1ψ(ys−1)+bsψ(ys )> 0, we have
−ψ(ys )< (b1/bs )ψ(y1)+ · · ·+(bs−1/bs )ψ(ys−1).
Therefore, we can find c1, . . . ,cs−1 ∈Q>0 such that
−ψ(ys )< c1ψ(y1)+ · · ·+ cs−1ψ(ys−1) and c i < b i/bs
for i = 1, . . . ,s −1, as required. 
Firstwe consider the casewherem = 1. We set I =

i |φ1(x i )≤ 0
	
and J =

i |φ1(x i )> 0
	
.
We prove the lemma form = 1 by induction on #(I ). As
φ1(x ) = a 1φ1(x1)+ · · ·+a rφ1(xr )> 0,
we have J 6= ;. Clearly we may assume that I 6= ;. Choose s ∈ I . Note that
φ1
∑
j∈J
a jx j +a sxs
> 0,
so that, applying Claim 1.3.2.1 to {x j }j∈J ∪ {xs }, {a j }j∈J ∪ {a s } and φ1, we can find c j ∈
Q>0 (j ∈ J ) such that a j − c ja s > 0 for j ∈ J and
φ1
∑
j∈J
c jx j +xs
> 0.
Note that
x =
∑
j∈J
(a j − c ja s )x j +a s
∑
j∈J
c jx j +xs
+ ∑
i∈I \{s }
a ix i .
Thus, by the induction hypothesis, the assertion of the lemma form = 1 follows.
In general, we prove the lemma induction on m . The previous observation shows
that it holds for m = 1. By hypothesis of induction, there are x ′1, . . . ,x
′
r
∈ Q>0x1 + · · ·+
Q>0xr and a ′1, . . . ,a
′
r
∈R>0 such that x = a ′1x
′
1+· · ·+a
′
r
x ′
r
andφl (x ′i )> 0 for all i = 1, . . . ,r
and l = 1, . . . ,m−1. Moreover, by the case wherem = 1, we can find x ′′1 , . . . ,x
′′
r
∈Q>0x ′1+
· · ·+Q>0x ′r and a
′′
1 , . . . ,a
′′
r
∈ R>0 such that x = a ′′1x
′′
1 + · · ·+ a
′′
r
x ′′
r
and φm (x ′′i ) > 0 for all
i = 1, . . . ,r . Note thatφl (l = 1, . . . ,m −1) is positive onQ>0x ′1+ · · ·+Q>0x
′
r
and
Q>0x
′
1+ · · ·+Q>0x
′
r
⊆Q>0x1+ · · ·+Q>0xr .
Thus the assertion follows. 
Lemma 1.3.3. Let M be a finitely generated Z-module and let ‖ · ‖ and ‖ · ‖′ be norms of
MR :=M ⊗ZR. Let M ′ be a submodule of M such that M/M ′ is a torsion group, so that
MR =M
′
R(:=M
′⊗ZR). If ‖ · ‖ ≤ ‖ · ‖′, then
χˆ(M ′,‖ · ‖′)≤ χˆ(M ,‖ · ‖).(1.3.3.1)
Moreover, for λ ∈R≥0, the following formulae hold:
hˆ0(M ,exp(−λ)‖ · ‖)≤ hˆ0(M ,‖ · ‖)+λrkM + log(3)rkM ,(1.3.3.2)
χˆ(M ,exp(−λ)‖ · ‖) = χˆ(M ,‖ · ‖)+λrkM ,(1.3.3.3)
hˆ0(M ,‖ · ‖)≤ hˆ0(M ′,‖ · ‖)+ log#(M/M ′)+ log(6)rkM ,(1.3.3.4)
χˆ(M ,‖ · ‖) = χˆ(M ′,‖ · ‖)+ log#(M/M ′).(1.3.3.5)
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Proof. (1.3.3.1) is obvious. (1.3.3.2) follows from [24, Lemma 1.2.2]. (1.3.3.3) is also
obvious because B (M ,exp(−λ)‖ · ‖) = exp(λ)B (M ,‖ · ‖).
Let us consider (1.3.3.4). Let π :M →M/M ′ be the canonical homomorphism. Let
us choose x1, . . . ,xN ∈M with the following properties:
(i) ‖x i ‖ ≤ 1 for all i = 1, . . . ,N .
(ii) π(x i ) 6=π(x j ) for i 6= j .
(iii) For any x ∈M with ‖x‖ ≤ 1, there is x i with π(x ) =π(x i ).
Then we can see that
{x ∈M | ‖x‖ ≤ 1} ⊆

x i +x
′ | x ′ ∈M ′ and ‖x ′‖ ≤ 2
	
,
and hence,
hˆ0(M ,‖ · ‖)≤ hˆ0(M ′, (1/2)‖ · ‖)+ log#(M/M ′).
Therefore, (1.3.3.4) follows from (1.3.3.2).
For (1.3.3.5), let us consider the following commutative diagram:
0 −−−→ M ′ −−−→ M −−−→ M/M ′ −−−→ 0y y y
0 −−−→ M ′/M ′
t or
−−−→ M/M t or −−−→ (M/M t or )/(M ′/M ′t or ) −−−→ 0,
which show that we may assume thatM is torsion free. Letω1, . . . ,ωr be a free basis of
M such that a 1ω1, . . . ,a rωr form a free basis ofM ′ for some a 1, . . . ,a r ∈Z>0. Then
vol(MR/M
′) = a 1 · · ·a r vol(MR/M ).
Thus (1.3.3.5) follows because #(M ′/M ) = a 1 · · ·a r . 
Lemma 1.3.4. Let A and M be Z-modules and let f :M n → A be a multi-linear map,
that is,
f (x1, . . . ,x i −x ′i , . . . ,xn ) = f (x1, . . . ,x i , . . . ,xn )− f (x1, . . . ,x
′
i
, . . . ,xn )
for all i = 1, . . . ,n and x1, . . . ,x i ,x ′i , . . . ,xn ∈M. Then, for x1, . . . ,xn ,x
′
1, . . . ,x
′
n
∈M,
f (x ′1, . . . ,x
′
n
) = f (x1, . . . ,xn )+
n∑
i=1
f (x ′1, . . . ,x
′
i−1,δi ,x i+1, . . . ,xn ),
where δi = x
′
i −x i .
Proof. We prove it by induction on n . In the case where n = 1, the above means that
f (x ′1) = f (x1)+ f (x
′
1−x1), which is obvious. In general, using the induction hypothesis,
we have
f (x ′1, . . . ,x
′
n
) = f (x ′1, . . . ,x
′
n−1,xn )+ f (x
′
1, . . . ,x
′
n−1,δn−1)
and
f (x ′1, . . . ,x
′
n−1,xn ) = f (x1, . . . ,xn−1,xn )
+
n−1∑
i=1
f (x ′1, . . . ,x
′
i−1,δi ,x i+1, . . . ,xn−1,xn ).
Thus we have the assertion. 
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Lemma 1.3.5. Let V be a vector space over R and W a subspace of V overR. Let
〈 〉 :W ×V l−1→R
be a multi-linear map overR. We assume that 〈 〉 is symmetric, that is,
〈x1,x2, . . . ,x l 〉= 〈x2,x1, . . . ,x l 〉
for all x1,x2 ∈W and x3, . . . ,x l ∈ V and
〈x1, . . . ,x i , . . . ,x j , . . . ,x l 〉= 〈x1, . . . ,x j , . . . ,x i , . . . ,x l 〉
for all x1 ∈W , x2, . . . ,x l ∈ V and 2 ≤ i < j ≤ l . For simplicity, 〈x1, . . . ,x l 〉 is denoted by
〈x1 · · ·x l 〉 or
¬∏
i x i
¶
. Then
∑
;6=I⊆{1,...,l }
*∏
i∈I
(a i +b i ) ·
∏
j∈{1,...,l }\I
x j
+
=
∑
;6=I⊆{1,...,l }
*∏
i∈I
b i ·
∏
j∈{1,...,l }\I
x j
+
+
∑
;6=I⊆{1,...,l }
*∏
i∈I
a i ·
∏
j∈{1,...,l }\I
(x j +b j )
+
holds for a 1, . . . ,a l ,b1, . . . ,b l ∈W and x1, . . . ,x l ∈ V .
Proof. If we set
A :=
∑
;6=I⊆{1,...,l }
*∏
i∈I
(a i +b i ) ·
∏
j∈{1,...,l }\I
x j
+
−
∑
;6=I⊆{1,...,l }
*∏
i∈I
b i ·
∏
j∈{1,...,l }\I
x j
+
,
then
A =
∑
;6=I⊆{1,...,l }
∑
L⊆I
*∏
i∈L
a i ·
∏
i ′∈I \L
b i ′ ·
∏
j∈{1,...,l }\I
x j
+
−
∑
;6=I⊆{1,...,l }
*∏
i∈I
b i ·
∏
j∈{1,...,l }\I
x j
+
=
∑
;6=I⊆{1,...,l }
∑
;6=L⊆I
*∏
i∈L
a i ·
∏
i ′∈I \L
b i ′ ·
∏
j∈{1,...,l }\I
x j
+
=
∑
;6=L⊆{1,...,l }
∑
M∐M ′={1,...,l }\L
*∏
i∈L
a i ·
∏
m∈M
bm ·
∏
m ′∈M ′
xm ′
+
=
∑
;6=L⊆{1,...,l }
*∏
i∈L
a i ·
∏
j∈{1,...,l }\L
(x j +b j )
+
,
as desired. 
Lemma 1.3.6. Let S be a connected Dedekind scheme and k the rational function field
of S. Let X be a projective variety over k . Then we have the following:
(1) There exists a model of X over S (cf. Conventions and terminology 0.5.5).
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(2) Let J be an invertible fractional ideal sheaf on X . Then there are a modelX of X
over S and an invertible fractional ideal sheafJ onX such thatJ ∩X = J .
(3) Let D be anR-Cartier divisor on X . Then there are a modelX of X over S and an
R-Cartier divisorD onX such thatD ∩X =D.
Proof. (1) As X is projective over k , there is a closed embedding ι : X ,→ PNk . Let X be
the closure of ι(X ) in PNS . Then X is integral, projective and flat over S because S is a
connected Dedekind scheme.
(2) LetX ′ be amodel of X overS. Thenwe can find a non-empty open setU ofS and
an invertible fractional ideal sheaf J ′U on X
′
U such that J
′
U ∩ X = J . Therefore, as X
is noetherian, by using the extension theorem of coherent sheaves (cf. [14, Chapter II,
Exercise 5.15]), we have a fractional ideal sheaf J ′ onX ′ such thatJ ′ ∩X ′U =J
′
U . Let
π : X = Proj
⊕∞
m=0J
′m

→ X ′ be the blowing-up by the fractional ideal sheaf J ′.
Then, asJ :=J ′OX is invertible, the assertion of (2) follows.
(3) is a consequence of (2). 
Lemma1.3.7. Let k be a field and v a valuation of k . Let kv be the completion of k with
respect to v . By abuse of notation, the unique extension of v to kv is also denoted by v .
Then we have the following:
(1) We assume that v is discrete. Let X be a projective and geometrically integral
variety over k and letX be a model of X over Spec(k ◦). We set
Xv := X ×Spec(k ) Spec(kv ) and Xv :=X ×Spec(k ◦) Spec(k
◦
v
).
Let π :Xv →X be the projection, and let (Xv )◦ andX◦ be the central fibers of
Xv → Spec(k ◦v ) and X → Spec(k
◦),
respectively (cf. Conventions and terminology 0.5.2). If we choose ξv ∈ (Xv )◦ and
ξ∈X◦ with π(ξv ) = ξ, then we have the following:
(1.1) Xv is a model of Xv over Spec(k ◦v ).
(1.2) OX ,ξ is regular if and only if OXv ,ξv is regular.
(1.3) We assume that k ◦ is excellent. Then OX ,ξ is normal if and only if OXv ,ξv is
normal.
(2) Let A be a k -algebra and Av := A ⊗k kv . Let x = | · |x and x ′ = | · |x ′ be seminorms
of Av . If |a ⊗1|x = |a ⊗1|x ′ for all a ∈ A, then x = x ′.
Proof. (1) We need to see thatXv is integral. As Xv → Spec(k ◦v ) is flat and the generic
fiber ofXv → Spec(k ◦v ) is integral, (1.1) follows from [20, Lemma 4.2].
Before staring the proofs of (1.2) and (1.3), let us seemξv =mξOXv ,ξv . Let κ(ξ) be the
residue field at ξ. Here we consider an exact sequence
κ(ξ)⊗k ◦ k ◦◦v
α
−−−→ κ(ξ)⊗k ◦ k ◦v −−−→ κ(ξ)⊗k ◦ (k
◦
v
/k ◦◦
v
) −−−→ 0
induced by 0→ k ◦◦
v
→ k ◦
v
→ k ◦
v
/k ◦◦
v
→ 0. Note that α= 0 because α(a ⊗̟b ) = a ⊗̟b =
̟a ⊗b = 0 for a ∈ κ(ξ) and b ∈ k ◦
v
. Therefore,
κ(ξ)⊗k ◦ k
◦
v
≃ κ(ξ)⊗k ◦ (k
◦
v
/k ◦◦
v
)≃ κ(ξ)⊗k ◦ (k
◦/k ◦◦)≃ κ(ξ).
On the other hand, performing ⊗OX ,ξOXv ,ξv to the exact sequence 0 → mξ → OX ,ξ →
κ(ξ)→ 0, we obtain
0→mξOXv ,ξv →OXv ,ξv →κ(ξ)⊗OX ,ξ OXv ,ξv → 0.
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As π induces the isomorphism (Xv )◦
∼
−→X◦, π−1(ξ) = {ξv }, so that OXv ,ξv = OX ,ξ⊗k ◦ k ◦v .
Therefore,
κ(ξ)⊗OX ,ξ OXv ,ξv = κ(ξ)⊗OX ,ξ (OX ,ξ⊗k ◦ k
◦
v
)≃ κ(ξ)⊗k ◦ k
◦
v
≃ κ(ξ),
which shows thatmξOXv ,ξv is the maximal ideal of OXv ,ξv , and hencemξOXv ,ξv =mξv .
Since OX ,ξ ⊆OXv ,ξv ⊆ bOX ,ξ andmξOXv ,ξv =mξv , by [19, Chapter 1, Theorem 3.16], we
have bOXv ,ξv ≃ bOX ,ξ. Thus (1.2) follows from [1, Proposition 11.24]. Further, (1.3) follows
from [11, VI, 7.8.3, (v)].
(2) Forα ∈Av , we setα= a 1⊗λ1+· · ·+a r⊗λr , where a 1, . . . ,a r ∈A andλ1, . . . ,λr ∈ kv .
Then we can find sequences {λ1,n}∞n=1, . . . ,{λr,n}
∞
n=1 in k such that λi = limn→∞λi ,n for
i = 1, . . . ,r . Here we set
αn = a 1⊗λ1,n + · · ·+a r ⊗λr,n = (λ1,na 1+ · · ·+λr,na r )⊗1.
Then,
||αn |x − |α|x | ≤ |αn −α|x =
a 1⊗ (λ1,n −λ1)+ · · ·+a r ⊗ (λr,n −λr )x
≤
a 1⊗ (λ1,n −λ1)x + · · ·+ a 1⊗ (λr,n −λr )x
=
(a 1⊗1) · (1⊗ (λ1,n −λ1))x + · · ·+ (a r ⊗1) · (1⊗ (λr,n −λr ))x
= |a 1⊗1|xv (λ1,n −λ1)+ · · ·+ |a 1⊗1|xv (λr,n −λr ),
and hence limn→∞ |αn |x = |α|x . In the same way, limn→∞ |αn |x ′ = |α|x ′ . On the other
hand, by our assumption,
|αn |x = |(λ1,na 1+ · · ·+λr,na r )⊗1|x = |(λ1,na 1+ · · ·+λr,na r )⊗1|x ′ = |αn |x ′
for all n ≥ 1. Therefore, |α|x = |α|x ′ , and hence x = x ′. 
2. ADELIC R-CARTIER DIVISORS OVER A DISCRETE VALUATION FIELD
In this section, we introduce an adelic R-Cartier divisor on a projective variety over
a discrete valuation field and study their basic properties. Roughly speaking, an adelic
R-Cartier divisor is a pair of an R-Cartier divisor and a Green function on the analyti-
fication of the given variety, which is an analogue of Arakelov divisors (i.e. arithmetic
divisors) on an arithmetic variety.
Throughout this section, let k be a field and v a discrete valuation. We set
k ◦ := {a ∈ k | v (a )≤ 1} and k ◦◦ := {a ∈ k | v (a )< 1}.
Let̟ be a uniformizingparameter of v , that is, k ◦◦=̟k ◦. Note that v might be trivial,
so that we do not exclude the case where̟= 0. Let us begin with Green functions on
analytic spaces over a complete discrete valuation field.
2.1. Green functions on analytic spaces over a discrete valuation field. We assume
that v is complete. Let X be a projective and geometrically integral variety over k . Let
Rat(X ) be the rational function field of X . LetU = Spec(A) be an affine open set of X .
Let p ∈U and x = | · |x ∈U an such that px ⊆ p , where px is the associated prime of x (cf.
Subsection 1.2). Then we have a natural extension | · |x : Ap →R≥0 of | · |x on A given by
|a/s |x = |a |x /|s |x for a ∈ A and s ∈ A \p , which yields the group homomorphism | · |x :
A×
p
→ R>0. Thus we obtain a canonical extension (A×p )R → R>0, which is also denoted
by | · |x by abuse of notation. Let f ∈ Rat(X )
×
R and x ∈U
an \VR( f )an (see Subsection 1.1
for the definitions of Rat(X )×R and VR( f )). As px 6∈ VR( f ), we get f ∈ (A
×
px
)R, and hence
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|f (x )| ∈ R>0. Therefore, we have a mapU an \VR( f )an → R given by x 7→ log |f (x )|2. We
denote it by log |f |2. Clearly log |f |2 is continuous onU an \VR( f )an.
Definition 2.1.1. Let D be an R-Cartier divisor on X , that is, D ∈Div(X )R(:=Div(X )⊗Z
R). Let X =
⋃N
i=1Ui be an affine open covering of X such thatD is given by f i ∈Rat(X )
×
R
on Ui . A continuous function g : X an \ SuppR(D)
an → R is called a D-Green function
of C 0-type on X an if g + log |f i |2 extends to a continuous function onU ani for each i =
1, . . . ,N .
For example, for f ∈ Rat(X )×R, − log |f |
2 is ( f )R-Green function of C 0-type on X an,
where ( f )R is theR-principal divisor of f (cf. Subsection 1.1). We set
C 0
η
(X an) := lim
−→
U : Zariski open set of X
C 0(U an).
The space of all Green functions forms a subspace of C 0
η
(X an) over R. More precisely,
we have the following proposition:
Proposition 2.1.2. Let D and D ′ be R-Cartier divisors on X . Let g be a D-Green func-
tion of C 0-type on X an and g ′ a D ′-Green function of C 0-type on X an. Then we have the
following:
(1) For a ,b ∈R, a g +b g ′ is an (aD +bD ′)-Green function of C 0-type.
(2) If D =D ′, thenmax{g , g ′} andmin{g , g ′} are D-Green functions of C 0-type.
Proof. (1) Let X =
⋃N
i=1Ui be an affine open covering of X such thatD andD
′ are given
by f i and f ′i onUi , respectively. By our assumption, there are continuous functions ϕ
and ϕ′ onU ani such that g =− log |f i |
2+ϕ and g ′ =− log |f ′i |
2+ϕ′. Thus
a g +b g ′ =− log |f a
i
f ′
i
b
|2+aϕ+bϕ′.
Note that f ai f
′
i
b is a local equation of aD +bD ′ onUi . Thus (1) follows.
(2) Note that
max{g , g ′}=− log |f i |
2+max{ϕ,ϕ′} and min{g , g ′}=− log |f i |
2+min{ϕ,ϕ′}
onU ani \ SuppR(D)
an. Moreover, max{ϕ,ϕ′} and min{ϕ,ϕ′} are continuous onU ani , as
required. 
Next let us consider a norm arising from a Green function.
Proposition 2.1.3. We assume that X is normal. We set
H 0(X ,D) :=

φ ∈Rat(X )× | (φ)+D ≥ 0
	
∪ {0}.
Let g be a D-Green function of C 0-type on X an. Then we have the following:
(1) For φ ∈ H 0(X ,D), |φ|exp(−g /2) extends to a continuous function ϑ on X an. We
denote ‖ϑ‖sup by ‖φ‖g .
(2) The following formulae hold:
(2.1) ‖aφ‖g = v (a )‖φ‖g for all a ∈ k and φ ∈H 0(X ,D).
(2.2) ‖φ1+φ2‖g ≤max
¦
‖φ1‖g ,‖φ2‖g
©
for all φ1,φ2 ∈H 0(X ,D).
Proof. (1) Clearly we may assume that φ 6= 0. Let X =
⋃N
i=1Spec(A i ) be an affine open
covering of X such thatD is given by h i ∈Rat(X )
×
R on Spec(A i ). SinceD+(φ) is effective
as a Weil divisor, ordΓ(φh i ) ≥ 0 for any prime divisor Γ on Spec(A i ). Thus, by virtue
of Hartogs’ lemma for R-rational functions (cf. Lemma 1.1.4), there are u1, . . . ,u r ∈
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A i \ {0} and a 1, . . . ,a r ∈ R>0 with φh i = u
a 1
1 · · ·u
a r
r
. In particular, |φh i | = |u1|a 1 · · · |u r |a r
is continuous on Specan
k
(A i ). On the other hand, there is a continuous function ϕi on
Specan
k
(A i ) such that g =− log |h i |2+ϕi on Specank (A i ). Therefore,
|φ|exp(−g /2) = |φh i |exp(−ϕi/2)
is continuous on Specan
k
(A i ).
(2.1) is obvious. (2.2) is also obvious because |φ1 +φ2| ≤ max{|φ1|, |φ2|} on some
dense open set. 
A pair (X ,D) is called amodel of (X ,D) ifX is a model of X over Spec(k ◦) (cf. Con-
ventions and terminology 0.5.5) and D is an R-Cartier divisor on X with D ∩ X = D .
TheR-Cartier divisorD is often called amodel of D onX . For x ∈ X an \SuppR(D)
an, let
f be a local equation of D at ξ = rX (x ), where rX is the reduction map X an →X◦ (cf.
Subsection 1.2). As px ∈ Spec(OX ,ξ) and f ∈ (O
×
X ,px )R, we have |f (x )| 6= 0, so that we can
define g (X ,D)(x ) to be
g (X ,D)(x ) :=− log |f (x )|
2.
Let f ′ be another local equation ofD at ξ. Then there is u ∈ (O ×X ,ξ)R such that f
′ = f u ,
and hence |f (x )| = |f ′(x )| because |u (x )| = 1 (cf. (1.2.2)). Therefore, g (X ,D)(x ) does not
depend on the choice of f . Let us see the following proposition:
Proposition 2.1.4. (1) g (X ,D) is a D-Green function of C 0-type on X an.
(2) Let Y be another projective and geometrically integral variety over k and let
ν : Y → X be a morphism over k . LetY be a model of Y such that there is a mor-
phism ν˜ :Y →X over Spec(k ◦) as an extension of ν . Then g (Y ,ν˜∗(D)) = νan ◦g (X ,D)
on Y an \SuppR(ν
∗(D))an.
(3) Let µ˜ : X ′ → X be the normalization of X . Let X ′ the generic fiber of X ′ →
Spec(k ◦) and µ : X ′→ X the induced morphism (note that X ′ is normal). We as-
sume that the associated R-Weil divisor of µ∗(D) is effective. Then the associated
R-Weil divisor of µ˜∗(D) is effective if and only if g (X ,D) ≥ 0 on X an \SuppR(D)
an.
Proof. (1) Let X =
⋃N
i=1Spec(Ai ) be an affine open covering of X such that we have
a local equation f i ∈ Rat(X )
×
R of D on Ui := Spec(Ai ), where Ai is a k
◦-algebra for
each i = 1, . . . ,N . We set C i = r
−1
X (Ui ∩X◦). Then C i is closed (cf. [2, Section 2.4]) and⋃N
i=1C i = X
an.
First let us see that g (X ,D) : X an \ SuppR(D)
an → R is continuous. By our construc-
tion, g (X ,D)(x ) = − log |f i (x )|2 for x ∈ C i \ SuppR(D)
an. Thus g (X ,D) is continuous on
C i \SuppR(D)
an. LetZ be a closed subset inR≥0. As
g (X ,D)

C i \SuppR(D)
an
−1
(Z ) = g −1
(X ,D)(Z )∩ (C i \SuppR(D)
an),
g −1
(X ,D)(Z )∩ (C i \SuppR(D)
an) is closed in C i \SuppR(D)
an, and hence
g −1
(X ,D)(Z )∩ (C i \SuppR(D)
an)
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is closed in X an \SuppR(D)
an. Note that
N⋃
i=1

g −1
(X ,D)(Z )∩ (C i \SuppR(D)
an)

= g −1
(X ,D)(Z )∩
N⋃
i=1
(C i \SuppR(D)
an) = g −1
(X ,D)(Z ).
Thus g −1
(X ,D)(Z ) is closed inX
an\SuppR(D)
an, so that g (X ,D) is continuousonX an\SuppR(D)
an.
Since f i is a local equation of D on Ui = Ui ∩ X , in order to see that g (X ,D) is a D-
Green function of C 0-type, it is sufficient to see that ψ = g (X ,D)+ log |f i |2 extends to a
continuous function onU ani , which is obvious becauseψ= 0 onU
an
i .
(2) First note that ν(SuppR(ν
∗(D)))⊆ SuppR(D), so that
(νan)−1(X an \SuppR(D)
an)⊆ Y an \SuppR(ν
∗(D))an.
We set C ′i = r
−1
Y (ν˜
−1(Ui )∩Y◦). Let y ∈C ′i \Supp(ν
∗(D))an, ξ′ = rY (y ) and ξ= rX (νan(y )).
Note that ξ= ν˜(ξ′)∈Ui ∩X◦ by (1.2.2). Then, as ν˜ ∗( f i ) is a local equation of ν˜ ∗(D) at ξ′,
g (Y , ν˜∗(D))(y ) =− log |ν˜
∗( f i )|
2
y
=− log |f i |
2
νan(y )
= g (X ,D)(ν
an(y )),
as required.
(3) By virtue of (2), g (X ′, µ˜∗(D)) = g (X ,D) ◦µan on (X ′)an \SuppR(µ
∗(D))an. Moreover, µan :
(X ′)an → X an is surjective by [2, Proposition 3.4.6]. Thus we may assume that X is
normal.
First we assume thatD is effective as a Weil divisor. Then, ordΓ( f i )≥ 0 for any prime
divisor Γ onUi . Thus, by Hartogs’ lemma for R-rational functions (cf. Lemma 1.1.4),
there are h1, . . . ,hr ∈Ai \{0} and a 1, . . . ,a r ∈R>0 with f i = h
a 1
1 · · ·h
a r
r
. Note that |h j |x ≤ 1
for j = 1, . . . ,r and x ∈C i \SuppR(D)
an, and hence |f i |x ≤ 1, as required.
Next we assume that g (X ,D) ≥ 0 on X an \ SuppR(D)
an. Let us see thatD is effective as
a Weil divisor. If v is trivial, then D = D is effective, so that we may assume that v is
non-trivial. It is sufficient to show that the coefficient of DW with respect to a vertical
prime divisor Γ is non-negative. Let us consider a multiplicative seminorm xΓ = | · |xΓ
given by
|f |xΓ := v (̟)
ordΓ( f )/ordΓ(̟)
for f ∈ Rat(X ), where̟ is a uniformizing parameter of k ◦. As xΓ ∈ X an \ SuppR(D)
an, if
xΓ ∈C i , then
0≤ g (X ,D)(xΓ) =− log |f i |
2
xΓ
=−2logv (̟)
ordΓ( f i )
ordΓ(̟)
,
and hence ordΓ( f i )≥ 0, as desired. 
Here we discuss a more sophisticated maximum problem of Green functions on a
smooth projective curve than (2) in Proposition 2.1.2.
Proposition 2.1.5. We assume that X is a smooth projective curve over k . Let D1, . . . ,Dr
be R-Cartier divisors on X and let D := max{D1, . . . ,Dr } (Conventions and terminol-
ogy 0.5.8). For each i = 1, . . . ,r , let g i be a Di -Green function of C 0-type on X an. We
set
g :=max{g 1, . . . , g r }
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on X an \ (SuppR(D1)
an ∪ · · · ∪ SuppR(Dr )
an). Then g extends to a continuous function
on X an \ SuppR(D)
an, and g yields a D-Green function of C 0-type on X an, which is also
denoted by
max{g 1, . . . , g r }
by abuse of notation.
Proof. Let x1, . . . ,xN be closed points of X such that, for each i = 1, . . . ,r ,
Di = a i1x1+ · · ·+a iNxN
for some a i j ∈R. If we set a j =max{a 1j , . . . ,a r j } for j = 1, . . . ,N , then
D = a 1x1+ · · ·+aNxN .
Let x˜ j be a unique point of X an such that {x˜ j }= {x j }an.
Claim 2.1.5.1. If D = 0, then g is continuous on X an.
Proof. Clearly g is continuous on X an \ {x˜1, . . . , x˜N }, so that we need to show that g is
continuous at each x˜ j . Let us choose an affine open setU of X such that
{x1, . . . ,xN }∩U = {x j }.
As a i j ≤ 0, we can see that g i is upper-semicontinuous onU an. Moreover, g i is contin-
uous onU an if a i j = 0. We set
I := {i = 1, . . . ,r | a i j = 0} and I
′ := {i = 1, . . . ,r | a i j < 0}.
Note that I 6= ; because max{a 1j , . . . ,a r j } = a j = 0, so that we choose i 0 ∈ I . Here we
set
V :=
¦
x ∈U an | g i 0(x )> g i 0(x˜ j )−1 and g i ′(x )< g i 0(x˜ j )−1 for all i
′ ∈ I ′
©
.
Then V is an open set and x˜ j ∈V . Further
max{g i (x ) | i ∈ I } ≥ g i 0(x )> g i 0(x˜ j )−1>max{g i ′(x ) | i
′ ∈ I ′}
on V \{x˜ j }, and hence g (x ) =max{g i (x ) | i ∈ I } on V \{x˜ j }. Therefore, the claim follows
because g i is continuous onU an for i ∈ I . 
Let g ′ be a D-Green function of C 0-type on X an. It is sufficient to see that g − g ′ ex-
tends to a continuous function on X an. Clearly g − g ′ is continuous on X an \{x˜1, . . . , x˜N }
and
g − g ′ =max{g 1− g
′, . . . , g r − g
′}
onX an\{x˜1, . . . , x˜N }. Note that g i−g ′ is a (Di−D)-Green function ofC 0-type onX an and
max{D1−D, . . . ,Dr −D}= 0, so that the assertion follows from the above claim. 
Finally let us consider a Green function of (C 0∩PSH)-type, which is a counterpart of
a semipositivemetric.
Definition 2.1.6. Let g be a D-Green function of C 0-type on X an. We say g is of (C 0 ∩
PSH)-type ifD is nef and there is a sequence {(Xn ,Dn )}∞n=1 of models of (X ,D) with the
following properties:
(1) For each n ≥ 1, Dn is relatively nef with respect to Xn → Spec(k ◦) (cf Conven-
tions and terminology 0.5.6).
(2) If we set φn = g (Xn ,Dn )− g , then limn→∞ ‖φn‖sup = 0.
As an application of results in Appendix (cf. Corollary A.3.2), we have the following
characterization of relatively nef divisors.
ADELIC DIVISORS ON ARITHMETIC VARIETIES 21
Proposition 2.1.7. LetX be a normal model of X and let D be an R-Cartier divisor on
X . Then g (X ,D) is of (C 0∩PSH)-type if and only if D is relatively nef.
In addition, we have the following propositions.
Proposition 2.1.8. We assume that v is non-trivial. Let D be a nef R-Cartier divi-
sor on X . Let g be a D-Green function of (C 0 ∩ PSH)-type. Then there are sequences
{(Xn ,Dn )}∞n=1 and {(Xn ,D
′
n
)}∞
n=1 of models of (X ,D)with the following properties:
(1) For all n ≥ 1,Dn and D ′n are relatively nef with respect toXn → Spec(k
◦).
(2) g (Xn ,Dn ) ≤ g ≤ g (Xn ,D′n ) for all n ≥ 1.
(3) If we setφn = g (Xn ,Dn )− g andφ
′
n
= g (Xn ,D′n )− g , then
lim
n→∞
‖φn‖sup = lim
n→∞
‖φ′
n
‖sup = 0.
Proof. By its definition, there is a sequence {(Xn ,D ′′n )}
∞
n=1 of models of (X ,D) with the
following properties:
(i) For all n ≥ 1,D ′′
n
is relatively nef with respect toXn → Spec(k ◦).
(ii) If we set φ′′
n
= g (Xn ,D′′n )− g , then limn→∞ ‖φ
′′
n
‖sup = 0.
Here we set
Dn :=D
′′
n
−
‖φ′′
n
‖sup
−2logv (̟)
(Xn )◦ and Dn :=D
′′
n
+
‖φ′′
n
‖sup
−2logv (̟)
(Xn )◦,
where (Xn )◦ is the central fiber ofXn → Spec(k ◦). Then
g (Xn ,Dn ) = g (Xn ,D′′n )−‖φ
′′
n
‖sup and g (Xn ,D′n ) = g (Xn ,D′′n )+ ‖φ
′′
n
‖sup,
and hence
g (Xn ,Dn )− g =φ
′′
n
−‖φ′′
n
‖sup ≤ 0 and g (Xn ,D′n )− g =φ
′′
n
+ ‖φ′′
n
‖sup ≥ 0,
as required. 
2.2. Definition of adelicR-Cartier divisors. We assume that k ◦ is excellent. Let X be a
projective, smooth and geometrically integral variety over k . Let kv be the completion
of k with respect to v . By abuse of notation, the unique extension of v to kv is also
denoted by v . We set
Xv := X ×Spec(k ) Spec(kv ),
which is also a projective, smooth and geometrically integral variety over kv .
A pair D = (D, g ) is called an adelic R-Cartier divisor of C 0-type on X if D is an R-
Cartier divisor on X and g is a D-Green function of C 0-type on X an
v
. IfD is nef and g is
of (PSH∩C 0)-type, then D is said to be relatively nef. Moreover, we say D is integrable
if there are relatively nef adelicR-Cartier divisors D
′
and D
′′
of C 0-type on X such that
D =D
′
−D
′′
. We say a continuous function φ on X an
v
is integrable if (0,φ) is integrable
as an adelic R-Cartier divisor. Let D
′
= (D ′, g ′) be another adelic R-Cartier divisor of
C 0-type on X . For a ,a ′ ∈R, we define aD +a ′D
′
to be
aD +a ′D
′
:= (aD +a ′D ′,a g +a ′g ′).
The space of all adelic R-Cartier divisors of C 0-type is denoted by Diva
C 0
(X )R, which
forms a vector space over R by the above formula. For D1 = (D1, g 1),D2 = (D2, g 2) ∈
Diva
C 0
(X )R, we defineD1 ≤D2 to be
D1 ≤D2
def
⇐⇒ D1 ≤D2 and g 1 ≤ g 2.
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Let X be a normal model of X over Spec(k ◦) and let D be an R-Cartier divisor on X .
The pair (X ,D) gives rise to an adelicR-Cartier divisor ofC 0-type on X , that is, the pair
(D∩X , g (X ,D)) ofD∩X and g (X ,D). Wedenote it byDa and it is called theassociated adelic
R-Cartier divisor with D. By abuse of notation, we often use the notationsD ≤D2 and
D1 ≤D instead ofDa ≤D2 andD1 ≤Da, respectively
Proposition 2.2.1. LetX be a normal model of X over Spec(k ◦) and let Div(X )R be the
group of R-Cartier divisors on X . Let ι : Div(X )R → Div
a
C 0
(X )R be the map given by
D 7→Da. Then we have the following:
(1) The map ι : Div(X )R → Div
a
C 0
(X )R is an injective homomorphism of R-vector
spaces.
(2) D1 ≤D2⇐⇒Da1 ≤D
a
2 .
Proof. Clearly ι is a homomorphismofR-vector spaces. (2) is a consequence of Propo-
sition 2.1.4. The injectivity of ι follows from (2). 
2.3. Local degree. We assume that k ◦ is excellent and k is perfect. We use the same
notation as in Subsection 2.2. Let x be a closed point of X with x 6∈ SuppR(D). Let k (x )
be the residue field at x . As k (x ) is separable over k , we have k (x )⊗k kv = k1⊕ ·· · ⊕ k l
for some finite separable extensions k1, . . . .k l over kv . Note that each k i has the unique
extension vi of v . The local degree of D along x over v is defined by
ddegv (D |x ) := l∑
i=1
[k i : kv ]
2
g (vi ).
Here we assume that k is a number field and v ( f ) = #(Ok/P)−ordP ( f ), whereOk is the
ring of integers in k and P is a maximal ideal of Ok . Let X be a normal model of X
over Spec((Ok )P ). Let D = a 1D1 + · · · + a lDr be an R-Cartier divisor on X such that
D ∩X =D , a 1, . . . ,a r ∈R and D1, . . . ,Dr are effective Cartier divisors onX . We assume
that g = g (X ,D) and x 6∈ SuppZ(D1)∪ · · · ∪ SuppZ(Dr ). LetOk (x ) be the ring of integers in
k (x ). Then it is easy to see that
(2.3.1) ddegv (D |x ) = r∑
j=1
a j log#

Ok (x )(Dj )/Ok (x )

P

.
2.4. Local intersection number. We assume that k ◦ is excellent and v is non-trivial.
We use the same notation as in Subsection 2.2. Let φ be a continuous function on
X an
v
. LetX be a normal model of X and letL1, . . . ,Ld be R-Cartier divisors onX . Let
Γ1, . . . ,Γr be irreducible components of the central fiberX◦ ofX → Spec(k ◦). Let v j be
the discrete valuation arising from Γj such that v j

k
= v . By Lemma 1.3.7, there is a
unique v˜ j ∈ X anv such that the restriction of v˜ j to Rat(X ) is v j . For each i and j , we can
choose a unique real number λi j such that Γj 6⊆ SuppW (Li + λi jX◦) (for SuppW , see
Definition 1.1.2). Then the number given by
r∑
j=1
φ(v˜ j )ordΓj (̟)
−2logv (̟)
degk ◦/k ◦◦

(L1+λ1jX◦)

Γj
· · · (Ld +λd jX◦)

Γj

is denoted by ddegv (L1 · · ·Ld ;φ), where degk ◦/k ◦◦ is the degree over k ◦/k ◦◦. Obviously,ddegv (L1 · · ·Ld ;φ) is multi-linear with respect toL1, . . . ,Ld . In addition,ddegv (L1 · · ·Ld ;aφ+a ′φ′) = addegv (L1 · · ·Ld ;φ)+a ′ddegv (L1 · · ·Ld ;φ′)
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for a ,a ′ ∈ R and φ,φ′ ∈ C 0(X an
v
). Let E be a vertical R-Cartier divisor on X and let
E = a 1Γ1+ · · ·+a rΓr be the irreducible decomposition of E as a Weil divisor. LetφE be
the continuous function arising from E , that is,φE = g (X ,E ). Then
ddegv (L1 · · ·Ld ;φE ) = r∑
j=1
a j degk ◦/k ◦◦

(L1+λ1jX◦)

Γj
· · · (Ld +λd jX◦)

Γj

= degk ◦/k ◦◦ (L1 · · ·Ld · E ) .
IfL1, . . . ,Ld are relatively nef andφ ≤φ′, then
(2.4.1) ddegv (L1 · · ·Ld ;φ)≤ddegv (L1 · · ·Ld ;φ′).
Let us begin with the following lemma:
Lemma 2.4.2. Let L1, . . . ,Ld+2,L ′1 , . . . ,L
′
d+2 be relatively nef R-Cartier divisors on X .
We assume that there are a 1, . . . ,ad ,ad+1 ∈R≥0 with the following properties:
(1) For all i = 1, . . . ,d ,Li ∩X =L ′i ∩X and −a iX◦ ≤L
′
i −Li ≤ a iX◦.
(2) Ld+1 ∩X =Ld+2 ∩X andL ′d+1 ∩X =L
′
d+2 ∩X. Moreover,
−2ad+1g (X ,X◦) ≤ψ
′−ψ≤ 2ad+1g (X ,X◦),
whereψ := g (X ,Ld+1−Ld+2) andψ
′ := g (X ,L ′
d+1−L
′
d+2)
.
Then we have the following inequality:ddegv (L1 · · ·Ld ;ψ)−ddegv (L ′1 · · ·L ′d ;ψ′)≤ d+1∑
i=1
2a i deg(L1 · · ·L i−1 · L i+1 · · ·Ld+1),
where L i :=Li ∩X for i = 1, . . . ,d +1.
Proof. As L ′1, . . . ,L
′
d are relatively nef and −2ad+1g (X ,X◦) ≤ ψ
′ −ψ ≤ 2ad+1g (X ,X◦), by
using (2.4.1), we haveddegv (L ′1 · · ·L ′d ;ψ′)−ddegv (L ′1 · · ·L ′d ;ψ)≤ 2ad+1deg(L1 · · ·Ld ),
and hence,ddegv (L1 · · ·Ld ;ψ)−ddegv (L ′1 · · ·L ′d ;ψ′)
≤
ddegv (L1 · · ·Ld ;ψ)−ddegv (L ′1 · · ·L ′d ;ψ)+2ad+1deg(L1 · · ·Ld ).
On the other hand, by Lemma 1.3.4,
ddegv (L ′1 · · ·L ′d ;ψ) =ddegv (L1 · · ·Ld ;ψ)
+
d∑
i=1
ddegv (L ′1 · · ·L ′i−1 · Ei ·Li+1 · · ·Ld ;ψ),
where Ei =L ′i −Li . Letφi be the continuous function arising from Ei . Then, asddegv (L ′1 · · ·L ′i−1 · Ei ·Li+1 · · ·Ld ;ψ)
=ddegv (L ′1 · · ·L ′i−1 · (Ld+1−Ld+2) ·Li+1 · · ·Ld ;φi )
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and−a i g (X ,X◦) ≤φi ≤ a i g (X ,X◦), by using (2.4.1), we can see thatddegv (L ′1 · · ·L ′i−1 · Ei ·Li+1 · · ·Ld ;ψ)
≤
ddegv (L ′1 · · ·L ′i−1 ·Ld+1 ·Li+1 · · ·Ld ;φi )
+
ddegv (L ′1 · · ·L ′i−1 ·Ld+2 ·Li+1 · · ·Ld ;φi )
≤ 2a i deg(L1 · · ·L i−1 · L i+1 · · ·Ld · Ld+1),
as desired. 
Thenext propositionguarantees the intersectionpairingof integrableadelicR-Cartier
divisors along an integrable continuous function.
Proposition-Definition 2.4.3. Let L1 = (L1, g 1), . . . ,Ld = (Ld , g d ) be relatively nef adelic
R-Cartier divisors on X , and let φ be an integrable continuous function on X an
v
. Then
there are sequences
(X1,n ,L1,n )
	∞
n=1 , . . . ,

(Xd ,n ,Ld ,n )
	∞
n=1 ,
(Xd+1,n ,Ld+1,n )
	∞
n=1 ,

(Xd+2,n ,Ld+2,n )
	∞
n=1
with the following properties:
(1) Xi ,n is a normal model of X over Spec(k ◦) and Li ,n is a relatively nef R-Cartier
divisor onXi ,n for i = 1, . . . ,d +2 and n ≥ 1.
(2) Li ,n ∩X = L i for i = 1, . . . ,d and n ≥ 1.
(3) There is anR-Cartier divisor Ld+1 on X such that Ld+1 =Ld+1,n ∩X =Ld+2,n ∩X
for all n ≥ 1.
(4) If we setφi ,n := g i − g (Xi ,n ,Li ,n), then limn→∞ ‖φi ,n‖sup = 0 for i = 1, . . . ,d .
(5) If we setψn := g (Xd+1,n ,Ld+1,n )− g (Xd+2,n ,Ld+2,n ), then
lim
n→∞
‖ψn −φ‖sup= 0.
For sequences
(X1,n ,L1,n )
	∞
n=1 , . . . ,

(Xd ,n ,Ld ,n )
	∞
n=1 ,
(Xd+1,n ,Ld+1,n )
	∞
n=1 ,

(Xd+2,n ,Ld+2,n )
	∞
n=1
satisfying the above properties, let Yn be a normal model of X over Spec(k ◦) together
with birational morphisms
µi ,n :Yn →Xi ,n
for i = 1, . . . ,d . Then the following limitslimn→∞
ddegv µ∗1,n (L1,n ) · · ·µ∗d ,n (Ld ,n );φ ,
limn→∞ddegv µ∗1,n (L1,n ) · · ·µ∗d ,n (Ld ,n );ψn
exist and
lim
n→∞
ddegv µ∗1,n (L1,n ) · · ·µ∗d ,n (Ld ,n );φ
= lim
n→∞
ddegv µ∗1,n (L1,n ) · · ·µ∗d ,n (Ld ,n );ψn .
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Moreover, the above limits do not depend on the choice of the sequences
(X1,n ,L1,n )
	∞
n=1 , . . . ,

(Xd ,n ,Ld ,n )
	∞
n=1 ,
(Xd+1,n ,Ld+1,n )
	∞
n=1 ,

(Xd+2,n ,Ld+2,n )
	∞
n=1 ,
so that this limit is denoted byddegv L1 · · ·Ld ;φ.
Proof. The existence of sequences are obvious by the relative nefness of L1, . . . ,Ld and
the integrability ofφ.
We set An =ddegv

µ∗1,n (L1,n ) · · ·µ
∗
d ,n (Ld ,n );φ

,
Bn =ddegv µ∗1,n (L1,n ) · · ·µ∗d ,n (Ld ,n );ψn .
For a positive number ε, there is N such that
‖ψn −φ‖sup ≤ 2ε(− logv (̟)) and ‖φi ,n‖sup ≤ ε(− logv (̟))
for all n ≥N and i = 1, . . . ,d . Then, for n ,m ≥N ,g (Xi ,n ,Li ,n)− g (Xi ,m ,Li ,m)≤ g i − g (Xi ,n ,Li ,n)
+
g i − g (Xi ,m ,Li ,m )≤ 2ε(− logv (̟))
for i = 1, . . . ,d . Let us choose a normal model Zn ,m of X together with birational mor-
phisms τn :Zn ,m →Yn and τm :Zn ,m →Ym . Then the above inequality implies
−εg (Zn ,m , (Zn ,m )◦) ≤ g (Zn ,m ,τ∗n (µ∗i ,n (Li ,n ))−τ∗m (µ∗i ,m (Li ,m ))) ≤ εg (Zn ,m , (Zn ,m )◦),
so that, by Proposition 2.2.1,
−ε(Zn ,m )◦ ≤ τ
∗
n
(µ∗
i ,n (Li ,n ))−τ
∗
m
(µ∗
i ,m (Li ,m ))≤ ε(Zn ,m )◦
for i = 1, . . . ,d . On the other hand,
‖ψn −ψm‖sup ≤ ‖ψn −φ‖sup+ ‖ψm −φ‖sup ≤ 4ε(− logv (̟)).
Therefore, by using Lemma 2.4.2, we have
|Bn − Bm | ≤ 2ε
d+1∑
i=1
deg(L1 · · ·L i−1 · L i+1 · · ·Ld+1)
for n ,m ≥N , which shows that the sequence {Bn}∞n=1 is a Cauchy sequence, so that its
limit exists. Further, as 0≤ |φ−ψn | ≤ 2ε(− logv (̟)), by (2.4.1), we have
|An − Bn | ≤ εdeg(L1 · · ·Ld ),
so that limn→∞An exists and limn→∞An = limn→∞ Bn .
Let
¦
(X ′1,n ,L
′
1,n )
©∞
n=1
, . . . ,
¦
(X ′d+2,n ,L
′
d+2,n )
©∞
n=1
be another sequences satisfying the
above properties (1), (2), (3), (4) and (5). For the above sequences, Ld+1 in the prop-
erty (3), φi ,n in the property (4) and ψn in the property (5) are denoted by L′d+1, φ
′
i ,n
andψ′
n
, respectively. ReplacingYn by a suitablemodel of X , we may assume that there
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are birational morphisms µ′i ,n :Yn →X
′
i ,n (i = 1, . . . ,d ). For a positive number ε, there
isN such that(
‖ψn −φ‖sup≤ 2ε(− logv (̟)), ‖φi ,n‖sup ≤ ε(− logv (̟)),
‖ψ′
n
−φ‖sup≤ 2ε(− logv (̟)), ‖φ′i ,n‖sup ≤ ε(− logv (̟))
for all n ≥N and i = 1, . . . ,d . Then,g (Yn ,µ∗i ,n (Li ,n ))− g (Yn ,µ′∗i ,n (L ′i ,n ))
≤
g i − g (Yn ,µ∗i ,n (Li ,n ))+ g i − g (Yn ,µ′∗i ,n (L ′i ,n ))≤ 2ε(− logv (̟))
for n ≥N and i = 1, . . . ,d . Therefore, in the similar way as before,
−ε(Yn )◦ ≤µ
∗
i ,n (Li ,n )−µ
′∗
i ,n (L
′
i ,n )≤ ε(Yn )◦.
Moreover, ψn −ψ′nsup ≤ ‖ψn −φ‖sup+ ‖ψ′n −φ‖sup≤ 4ε(− logv (̟))
for n ≥N , and hence the uniqueness of the limit follows from Lemma 2.4.2. 
Let φ be an integrable continuous function on X an
v
. Let L1, . . . ,L i ,L
′
i
, . . . ,Ld be rela-
tively nef adelicR-Cartier divisors of C 0-type on X . Then it is easy to see that
(2.4.4) ddegv (L1 · · · (aL i +a ′L′i ) · · ·Ld ;φ)
= addegv (L1 · · ·Li · · ·Ld ;φ)+a ′ddegv (L1 · · ·L′i · · ·Ld ;φ)
for a ,a ′ ∈R≥0, and that
(2.4.5) ddegv (L1 · · ·Li · · ·L j · · ·Ld ;φ) =ddegv (L1 · · ·L j · · ·Li · · ·Ld ;φ).
Let L1, . . . ,Ld be integrable adelic R-Cartier divisors of C 0-type on X . For each i ,
we choose relatively nef adelic R-Cartier divisors Li ,+1 and Li ,−1 of C 0-type such that
Li = Li ,+1− Li ,−1. By using (2.4.4), it is not difficult to see that the quantity∑
ε1,...,εd+1∈{±1}
ε1 · · ·εd+1ddegv (L1,ε1 · · ·Ld ,εd ;φ)
does not depend on the choice of L1,+1,L1,−1, . . . ,Ld ,+1,Ld ,−1, so that it is denoted byddeg(L1 · · ·Ld ;φ). Further, (2.4.4) and (2.4.5) extends to the following formula:
(2.4.6) ddegv (L1 · · · (aL i +a ′L′i ) · · ·Ld ;φ)
= addegv (L1 · · ·Li · · ·Ld ;φ)+a ′ddegv (L1 · · ·L′i · · ·Ld ;φ)
and
(2.4.7) ddegv (L1 · · ·Li · · ·L j · · ·Ld ;φ) =ddegv (L1 · · ·L j · · ·Li · · ·Ld ;φ)
for a ,a ′ ∈ R and integrable adelic R-Cartier divisors L1, . . . ,L i ,L
′
i
, . . . ,Ld of C 0-type on
X . Here let us consider a consequence of Proposition 2.4.3.
Proposition 2.4.8. Let L1 = (L1, g 1), . . . ,Ld = (Ld , g d ) be integrable adelic R-Cartier di-
visors of C 0-type on X , and let φ be an integrable continuous function on X an
v
. If L i = 0,
then ddegv (L1 · · ·Li · · ·Ld ;φ) =ddegv (L1 · · · (0,φ) · · ·Ld ; g i ).
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Proof. For j = 1, . . . ,d , let
L j ,+1 = (L j ,+1, g j ,+1) and L j ,−1 = (L j ,−1, g j ,−1)
be relatively nef adelic R-Cartier divisors of C 0-type on X such that L j = L j ,+1 − L j ,−1.
Moreover, we choose relative nef adelicR-Cartier divisors
Ld+1,+1 = (Ld+1,+1, g d+1,+1) and Ld+1,−1 = (Ld+1,−1, g d+1,−1)
of C 0-type on X such that Ld+1,+1− Ld+1,−1 = (0,φ). Then there are sequences
(X1,+1,n ,L1,+1,n )
	∞
n=1 ,

(X1,−1,n ,L1,−1,n )
	∞
n=1 , . . . ,
(Xd+1,+1,n ,Ld+1,+1,n )
	∞
n=1 ,

(Xd+1,−1,n ,Ld+1,−1,n )
	∞
n=1
satisfying the following conditions:
(a) Xj ,ε,n is a normalmodel of X over Spec(k ◦) for j = 1, . . . ,d +1, ε=±1 and n ≥ 1.
(b) Lj ,ε,n is a nef R-Cartier divisor on Xj ,ε,n such that Lj ,ε,n ∩ X = L j ,ε for j =
1, . . . ,d +1, ε=±1 and n ≥ 1.
(c) If we setφj ,ε,n = g j ,ε− g (Xj ,ε,n ,Lj ,ε,n ), then limn→∞ ‖φj ,ε,n‖sup = 0 for j = 1, . . . ,d +1
and ε=±1.
Here we set (
ψn = g (Xd+1,+1,n ,Ld+1,+1,n )− g (Xd+1,−1,n ,Ld+1,−1,n ),
θn = g (Xi ,+1,n ,Li ,+1,n )− g (Xi ,−1,n ,Li ,−1,n ).
Then, by Proposition-Definition 2.4.3,
lim
n→∞
ddegv (L1,ε1,n · · ·Li ,εi ,n · · ·Ld ,εd ,n ;ψn ) =ddegv (L1,ε1 · · ·Li ,εi · · ·Ld ,εd ;φ)
and
lim
n→∞
ddegv (L1,ε1,n · · ·Ld+1,εd+1,n · · ·Ld ,εd ,n ;θn )
=ddegv (L1,ε1 · · ·Ld+1,εd+1 · · ·Ld ,εd ; g i ).
Therefore, if we setLi ,n =Li ,+1,n −Li ,−1,n for i = 1, . . . ,d +1, thenlimn→∞
ddegv (L1,n · · ·Li ,n · · ·Ld ,n ;ψn ) =ddegv (L1 · · ·Li · · ·Ld ;φ),
limn→∞ddegv (L1,n · · ·Ld+1,n · · ·Ld ,n ;θn ) =ddegv (L1 · · · (0,φ) · · ·Ld ; g i ).
On the other hand, note thatddegv (L1,n · · ·Li ,n · · ·Ld ,n ;ψn ) =ddegv (L1,n · · ·Ld+1,n · · ·Ld ,n ;θn ).
Thus the assertion of the proposition follows. 
The results of this subsection leads to the following definition:
Definition 2.4.9. Let L1 = (L1, g 1), . . . ,Ld+1 = (Ld+1, g d+1) be integrable adelicR-Cartier
divisors of C 0-type on X . By Proposition 2.4.8 and (2.4.7), if L i = 0 for some i , thenddegv (L1 · · ·Ld+1)
is well-defined, that is,ddegv (L1 · · ·Ld+1) :=ddegv (L1 · · ·Li−1 · Li+1 · · ·Ld+1; g i ).
Moreover, it is symmetric and multi-linear.
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Proposition 2.4.10. Let L1, . . . ,Ld be integrable adelic R-Cartier divisors of C 0-type on
X , and letφ andφ′ be continuous functions on X an
v
. Then we have the following:
(1) For f ∈Rat(X )×R,ddegv ((( f ),− log |f |2) · L2 · · ·Ld ;φ) = 0.
(2) If L1, . . . ,Ld are relatively nef and φ′ ≤φ on X anv , thenddegv (L1 · · ·Ld ;φ′)≤ddegv (L1 · · ·Ld ;φ).
(3) Let
L1,1 = (L1,1, g 1,1),L1,−1 = (L1,−1, g 1,−1), . . . ,
Ld ,1 = (Ld ,1, g d ,1),Ld ,−1 = (Ld ,−1, g d ,−1)
be relatively nef adelic R-Cartier divisors of C 0-type on X such that Li = Li ,1 −
Li ,−1 for i = 1, . . . ,d . Thenddegv (L1 · · ·Ld ;φ)≤ ‖φ‖sup−2logv (̟) ∑
ε1,...,εd∈{±1}
deg(L1,ε1 · · ·Ld ,εd ).
Proof. LetX be a normal model of X over Spec(k ◦) and letL1,L2, . . . ,Ld be R-Cartier
divisors onX
(1) By the definition ofddegv , we haveddegv (( f )X ·L2 · · ·Ld ;φ) = 0. Thus (1) follows.
(2) If L1, . . . ,Ld are relatively nef, then ddegv (L1 · · ·Ld ;φ′) ≤ ddegv (L1 · · ·Ld ;φ) (cf.
(2.4.1)), so that we have (2).
(3) First of all, note thatddegv (L1 · · ·Ld ;φ) = ∑
ε1,...,εd ∈{±1}
ε1 · · ·εdddegv (L1,ε1 · · ·Ld ,εd ;φ).
Therefore, by using (2),ddegv (L1 · · ·Ld ;φ)≤ ∑
ε1,...,εd ∈{±1}
ddegv (L1,ε1 · · ·Ld ,εd ;φ)
≤
∑
ε1,...,εd ∈{±1}
ddegv (L1,ε1 · · ·Ld ,εd ;‖φ‖sup)
=
‖φ‖sup
−2logv (̟)
∑
ε1,...,εd∈{±1}
deg(L1,ε1 · · ·Ld ,εd ),
as required. 
Finally let us consider Zariski’s lemma for integrable functions. We assume that
dimX = 1 and v is complete. Let C 0int(X
an) be the space of integrable continuous func-
tions on X an. Let
〈 , 〉 :C 0int(X
an)×C 0int(X
an)→R
be a map given by 〈ϕ,ψ〉 :=ddegv ((0,ϕ);ψ) =ddegv ((0,ϕ) · (0,ψ)), which is bilinear and
symmetric (see Definition 2.4.9).
Lemma2.4.11 (Zariski’s lemma for integrable functions). The above pairing 〈 , 〉 is neg-
ative semi-definite. Moreover, for ϕ ∈ C 0int(X
an), 〈ϕ,ϕ〉 = 0 if and only if ϕ is a constant
function.
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Proof. The proof can be found in [32]. For reader’s convenience, we prove it here. Let
M(X an) be the group of model functions on X an (cf. Subsection 3.2). Then, by virtue of
Zariski’s lemma (cf. [27, Lemma 1.1.4]), for θ ∈M(X an)⊗Z R, 〈θ ,θ 〉 ≤ 0. Therefore, by
the density theorem (cf. Theorem 3.3.3) together with Proposition-Definition 2.4.3, we
can see that 〈ϕ,ϕ〉 ≤ 0 for all ϕ ∈ C 0int(X
an). Thus 〈 , 〉 is negative semi-definite. Clearly
if ϕ is a constant function, then 〈ϕ,ϕ〉= 0. Conversely, we assume 〈ϕ,ϕ〉= 0. Then, by
[27, Lemma 1.1.3], 〈ψ,ϕ〉= 0 for allψ ∈C 0int(X
an).
Let X be a regular model of X over Spec(k ◦) and X◦ = a 1C1 + · · · + a rC r the irre-
ducible decomposition of the central fiber X◦ as a cycle. Let x j be the point of X an
corresponding toC j . For i = 1, . . . ,r , ifψi = g (X ,C i ), then
deg

C i ·
∑r
j=1
ϕ(x j )a jC j

=−2logv (̟)
∑r
j=1
ϕ(x j )a j
−2logv (̟)
deg(C i ·C j )
=−2logv (̟)〈ψi ,ϕ〉= 0.
Therefore, by the equality condition of Zariski’s lemma (cf. [27, Lemma 1.1.4]), we have
ϕ(x1) = · · ·=ϕ(xr ).
Let X andiv be a subset of X
an consisting of valuations arising from irreducible compo-
nents of the central fiber of any regular model of X . The above observation shows that
ϕ

X andiv
is a constant function a . We setλ :=ϕ−a onX an. By the density theorem, for any
positive number ε, there is θ ∈M(X an)⊗ZR such that |λ−θ | ≤ ε. Thus |θ (x )| ≤ ε for all
x ∈ X andiv, which implies that |θ | ≤ ε on X
an. Indeed, if θ is given by a vertical R-Cartier
divisor Θ = c1C1+ · · ·+ crC r on some regular modelX as before (i.e. θ = g (X ,Θ)), then
c i = a iθ (x i )/(−2logv (̟)), so that
−(ε/(−2logv (̟)))X◦≤Θ≤ (ε/(−2logv (̟)))X◦,
which means that |θ | ≤ ε on X an. Thus |λ| ≤ 2ε, and hence λ= 0. 
3. LOCAL AND GLOBAL DENSITY THEOREMS
The density theorem in terms of global model functions was established by Gubler
[12, Theorem 7.12] and X. Yuan [30, Lemma 3.5]. Recently an elementary proof was
found by Boucksom, Favre and Jonsson [6]. Unfortunately, they assume that the char-
acteristic of the residue field is zero, which is a strong restriction for our purpose. In
this section, we will give a proof of the density theorem in general by using their ideas.
Let k be a field and v a non-trivial discrete valuation of k . Note that v is multiplica-
tive. Let̟ be a uniformizing parameter of k ◦, that is, k ◦◦ =̟k ◦ (for the definition of
k ◦ and k ◦◦, see Conventions and terminology 0.5.2). Let X be a projective and geomet-
rically integral variety over k and let Rat(X ) be the rational function field of X .
3.1. Vertical fractional ideal sheaves and birational system of models. Let X be a
model of X over Spec(k ◦) (cf. Conventions and terminology 0.5.5). The central fiber
of X → Spec(k ◦) is denoted by X◦, that is, X◦ := X ×Spec(k ◦) Spec(k ◦/k ◦◦). A non-zero
coherent subsheafJ of Rat(X ) onX is called a fractional ideal sheaf onX . It is said to
be vertical if there ism ∈Z≥0 such that̟mJ is an ideal sheaf and Supp(OX /̟mJ )⊆
X◦. Let D be a vertical Cartier divisor onX , that is, SuppZ(D) ⊆X◦ (for the definition
of SuppZ, see Subsection 1.1). Note that OX (D) is a vertical fractional sheaf. Indeed,
let ξ ∈ X◦ and f a local equation of D at ξ. Then f is a unit element of ((OX ,ξ)S)p for
all p ∈ Spec((OX ,ξ)S), where S is a multiplicative set given by {1,̟,̟2, . . .}, and hence
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f ∈ (OX ,ξ)S . Thus we can findmξ ∈Z≥0 such that̟mξ f ∈ OX ,ξ. This observation shows
that̟mOX (D)⊆OX for somem ∈Z≥0, as required.
A set Ψ of models of X is called a birational system of models of X if the following
conditions are satisfied:
(1) For any X ∈ Ψ and any vertical fractional ideal sheaf J onX , there isX ′ ∈ Ψ
together with a birational morphism ν :X ′→X such thatJ OX ′ is invertible.
(2) For any X1,X2 ∈ Ψ, there is X3 ∈ Ψ together with birational morphisms ν1 :
X3→X1 and ν2 :X3→X1.
Remark 3.1.1. The set of all models of X is a birational system of models of X . In
addition, fixing a model Z of X , the set of all models X over Z (that is, there is a
birational morphismX →Z ) forms a birational system of models of X .
3.2. Model functions. We assume that v is complete. LetX → Spec(k ◦) be a model of
X . LetJ be a vertical fractional ideal sheaf onX . According to [6, Subsection 2.3], we
define a function log |J | on X an to be
log |J |(x ) := logmax

|h(x )| | h ∈JrX (x )
	
,
where rX : X an → X◦ is the reduction map induced by the model X . For example,
log |̟OX |= logv (̟). Note that log |J |= log |J OX ′ | for a birationalmorphism ν :X ′→
X of models of X and a vertical fractional ideal sheaf J on X . Moreover, if J is in-
vertible, then log |J |= g (X ,J )/2 (cf. Subsection 2.1). Let us fix a birational system Ψ of
models of X . A functionϕ onX an is called amodel functionwith respect toΨ if there are
X ∈Ψ and a vertical fractional ideal sheaf J onX such that ϕ = log |J |. The set of all
model functions with respect toΨ is denoted byM(X an;Ψ). Thenwe have the following
generalization of [6, Proposition 2.2].
Proposition 3.2.1. (1) For ϕ ∈ M(X an;Ψ), there are X ∈ Ψ and a vertical Cartier
divisor D on X such that ϕ = log |OX (D)|. In particular, M(X an;Ψ) forms an
abelian group andM(X an;Ψ)⊆C 0(X an) (cf. Proposition 2.1.4).
(2) For ϕ1,ϕ2 ∈M(X an;Ψ),max{ϕ1,ϕ2} ∈M(X an;Ψ).
(3) For x ,y ∈X an with x 6= y , there is ϕ ∈M(X an;Ψ) such that ϕ(x ) 6=ϕ(y )
Proof. The assertions of the proposition can be proved by the ideas of [6, Proposi-
tion 2.2].
(1) We choose X ∈ Ψ and a vertical fractional ideal sheaf J on X such that ϕ =
log |J |. By our assumption, there is X ′ ∈ Ψ together with a birational morphism ν :
X ′→X such thatJ OX ′ is invertible, that is, there is a vertical Cartier divisorD ′ onX ′
such thatJ OX ′ =OX ′(D ′). Clearly log |J |= log |OX ′(D ′)|, as desired.
(2) By (1) and the property of Ψ, we can find X ∈ Ψ and vertical Cartier divisors
D1 and D2 on X such that ϕ1 = log |OX (D1)| and ϕ2 = log |OX (D2)|. If we set J =
OX (D1)+OX (D2) in Rat(X ), thenJ is a vertical fractional ideal sheaf ofX and log |J |=
max{ϕ1,ϕ2}.
(3) Fix X ∈ Ψ. First we assume that rX (x ) 6= rX (y ). Let m be the maximal ideal at
rX (x ). Then log |m|(x ) < 0 and log |m|(y ) ≥ 0, as desired. Next we assume that ξ =
rX (x ) = rX (y ). Let U = Spec(A ) be an affine open neighborhood of ξ. We can find
f ∈A such that |f |x 6= |f |y . SinceX is noetherian, there is an ideal sheaf I onX such
that Iξ = f OX ,ξ. For eachm ∈Z>0, we setJm =I +̟mOX . Note thatJm is a vertical
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ideal sheaf onX . Moreover,(
log |Jm |(x ) =max{log |f |x ,m logv (̟)},
log |Jm |(y ) =max{log |f |y ,m logv (̟)},
where log(0) =−∞. As |f |x 6= |f |y and v (̟)< 1, ifm is sufficiently large, then
log |Jm |(x ) 6= log |Jm |(y ),
as required. 
3.3. Density theorems. Let kv be the completion of k with respect to v . By abuse of
notation, the unique extension of v to kv is also denoted by v . We set Xv = X ×Spec(k )
Spec(kv ), which is also a projective and geometrically integral variety over kv . For a
model X → Spec(k ◦) of X , Xv := X ×Spec(k ◦) Spec(k ◦v ) is also a model of Xv by (1.1) in
Lemma 1.3.7. The projectionXv →X is denoted by πX . Let Ψ be a system of models
of X .
Proposition 3.3.1. Ψv := {Xv | X ∈Ψ} forms a system of models of Xv .
Proof. The assertion follows from (2) in the following lemma. 
Lemma 3.3.2. (1) LetJv be a vertical ideal sheaf onXv . Then there is n ∈Z≥0 such
that̟nOXv ⊆Jv .
(2) Let Jv be a vertical fractional ideal sheaf on Xv . Then there is a vertical frac-
tional ideal sheafJ onX such thatJ OXv =Jv .
Proof. (1) For ξ ∈ (Xv )◦, (OXv ,ξ/(Jv )ξ)S = 0 because Supp(OXv /Jv )⊆ (Xv )◦, where S is a
multiplicative set given by {1,̟,̟2, . . .}. Therefore,
̟mξ(OXv ,ξ/(Jv )ξ) = 0
for somemξ ∈Z≥0, and hence̟mξOXv ,ξ ⊆ (Jv )ξ. Thus the assertion follows.
(2) Clearly we may assume that Jv is an ideal sheaf. Then, by (1), there is n ∈ Z≥0
such that̟nOXv ⊆Jv . As
Jv/̟nOXv ⊆OXv /̟
nOXv
∼
←−−−
π∗X
OX /̟nOX ,
we can find an ideal sheaf J onX such that̟nOX ⊆ J and Jv/̟nOXv ≃ J /̟nOX ,
so that we can easily see thatJ OXv =Jv . 
Theorem3.3.3 (Local density theorem). M(X an
v
;Ψv )⊗ZQ is dense inC 0(X anv )with respect
to the supremumnorm ‖ · ‖sup.
Proof. We set T = X an
v
and Σ =M(X an
v
;Ψv )⊗ZQ. It is well known that T is a compact
Hausdorff space (cf. [2, Theorem 3.4.8]). Thus, if we can check the conditions (1) – (4)
in Lemma 3.3.4, we have the assertion.
(1) follows from (3) in Proposition 3.2.1.
(2) Note that logv (̟)∈M(X an
v
;Ψv )⊆Σ.
(3) is obvious.
(4) Let us check that max{ψ1,ψ2} ∈ Σ for ψ1,ψ2 ∈ Σ. We choose n ∈ Z>0 such that
nϕ1,nϕ2 ∈M(X anv ;Ψv ). Then, by (2) in Proposition 3.2.1,
nmax{ψ1,ψ2}=max{nψ1,nψ2} ∈Σ,
and hence max{ψ1,ψ2} ∈Σ. 
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Lemma 3.3.4. Let T be a compact Hausdorff space. Let Σ be a subset of C 0(T ) with the
following properties:
(1) For any x ,y ∈ T with x 6= y , there is f ∈Σ such that f (x ) 6= f (y ).
(2) R× ∩Σ 6= ;.
(3) Σ forms aQ-vector space.
(4) For f , g ∈Σ,max{ f , g } ∈Σ.
Then Σ is dense in C 0(T )with respect to the supremumnorm ‖ · ‖sup.
Proof. Let Σ be the closure of Σ with respect to ‖ · ‖sup. Then it is easy to see that Σ has
the following properties:
(1)’ For any x ,y ∈ T with x 6= y , there is f ∈Σ such that f (x ) 6= f (y ).
(2)’ 1∈Σ.
(3)’ Σ forms anR-vector space.
(4)’ For f , g ∈Σ, max{ f , g } ∈Σ.
Thus, by [15, Theorem 7.29], Σ is dense in C 0(T ). Note that Σ=Σ. Therefore the asser-
tion follows. 
Definition 3.3.5. A functionϕ onX an
v
is called a globalmodel function with respect toΨ
if there areX ∈Ψ and a vertical fractional ideal sheafJ onX such thatϕ = log |J OXv |.
The set of all global model functions with respect toΨ is denoted byM(X ;Ψ).
By using (2) in Lemma 3.3.2, we can see
M(X ;Ψ) =M(X an
v
;Ψv ),
Thus the local density theorem (cf. Theorem 3.3.3) implies the followingmain result of
this section.
Theorem 3.3.6 (Global density theorem). M(X ;Ψ)⊗ZQ is dense in C 0(X anv )with respect
to the supremumnorm ‖ · ‖sup.
The following theorem is an application of the global density theorem.
Theorem 3.3.7 (Approximation theorem of adelic R-divisors). We assume that k ◦ is
excellent and X is normal. Let D = (D, g ) be an adelic R-Cartier divisor of C 0-type on
X . For any positive number ε > 0, there is a normal model X of X over Spec(k ◦), and
R-Cartier divisorsD1 andD2 onX such that
D − (0,ε)≤D1 ≤D ≤D2 ≤D +(0,ε).
Proof. Let us begin with the following claim:
Claim 3.3.7.1. For a positive number ε, there is a normal model X of X over Spec(k ◦)
and anR-Cartier divisorD onX such thatD ∩X =D and
‖g (X ,D)− g ‖sup ≤ ε/2.
Proof. First let us choose a modelX0 of X over Spec(k ◦) and anR-Cartier divisorD0 on
X0 such thatD =D0∩X . Let g 0 be theD-Green function ofC 0-type on X anv arising from
themodel (X0,D0). We setφ := g−g 0. Thenφ is a continuous functiononX anv . LetΨbe
the set of all models of X overX0 (cf. Remark 3.1.1). By the global density theorem (cf.
Theorem 3.3.6), there is a global model function ϕ on X an
v
with respect to Ψ such that
‖φ−ϕ‖sup ≤ ε/2, that is, there are amodelX ′ inΨ togetherwith a birationalmorphism
µ :X ′ →X0, a vertical Cartier divisor E ′ onX ′ and a ∈ Q such that ϕ = a g (X ′,E ′). Let
ADELIC DIVISORS ON ARITHMETIC VARIETIES 33
π : X → X ′ be the normalization of X ′ and D := aπ∗(E ′) + π∗(µ∗(D0)). As k ◦ is an
excellent,π is a finitemorphism, that is,X ∈Ψ. In addition, g (X ,D) =ϕ+ g 0. Therefore,
we have the assertion of the claim. 
We set g 1 = g (X ,D)−ε/2 and g 2 = g (X ,D)+ε/2. Then
g −ε≤ g 1 ≤ g ≤ g 2 ≤ g +ε
on X an
v
. Moreover, note that the global model function arising from the central fiber of
X → Spec(k ◦) is a constant function. Thus the assertion follows. 
4. ADELIC ARITHMETIC R-CARTIER DIVISORS
In this section, we will introduce adelic arithmetic R-Cartier divisors on arithmetic
varieties and investigate their several basic properties.
Throughout this section, let K be a number field and let X be a d -dimensional, pro-
jective, smooth and geometrically integral variety over K .
4.1. Definition and basic properties. LetOK be the ring of integers in K . We denote
the set of all maximal ideals of OK by MK . For P ∈ MK , the valuation vP of K at P is
given by
vP(x ) = #(OK /P)
−ordP (x ).
Let KP be the completionof K with respect to vP and letXP := X×Spec(K )Spec(KP ), which
is also a projective, smooth and geometrically integral variety over KP . Let X (C) be the
set of allC-valued points of X , that is,
X (C) :=

x : Spec(C)→ X | x is a morphism as schemes
	
.
Note thatX (C) is a projective complexmanifold andX (C) is not necessarily connected.
Let F∞ : X (C)→ X (C) be the complex conjugation map, that is, for x ∈ X (C), F∞(x ) is
given by the composition of morphisms
Spec(C)
−a
−→ Spec(C) and Spec(C)
x
→ X ,
where Spec(C)
−a
→ Spec(C) is the morphism arising from the complex conjugation. The
complex conjugation map F∞ : X (C) → X (C) is an anti-holomorphic isomorphism.
The space of F∞-invariant real valued continuous functions on X (C) is denoted by
C 0F∞(X (C)), that is,
C 0
F∞
(X (C)) := { f ∈C 0(X (C)) | f ◦ F∞ = f }.
Definition 4.1.1. A pair D = (D, g ) of an R-Cartier divisor D on X and a collection of
Green functions g = {g P}P∈MK ∪ {g∞} is called an adelic arithmetic R-Cartier divisor of
C 0-type on X if the following conditions (1) and (2) hold:
(1) For all P ∈MK , g P is a D-Green function of C 0-type on X anP . In addition, there
exist a non-empty open set U of Spec(OK ), a normal model XU of X over U
and an R-Cartier divisor DU onXU such that DU ∩X = D and g P is a D-Green
function induced by (XU ,DU ) for all P ∈U ∩MK .
(2) TheGreen function g∞ is aD-Green functionofC 0-type onX (C) such that g∞ =
g∞ ◦ F∞ (cf. [26, Section 5]).
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Moreover, a pair D
′
= (D, g ′) of an R-Cartier divisor D on X and a collection of Green
functions g ′ = {g ′P}P∈MK is called a global adelicR-Cartier divisor of C
0-type on X if the
above condition (1) holds for {g ′P}P∈MK , that is, g
′
P is a D-Green function of C
0-type
on X anP for all P ∈MK , and there exist a non-empty open setU
′ of Spec(OK ), a normal
modelX ′
U ′
of X overU ′ and an R-Cartier divisorD ′
U ′
onX ′
U ′
such thatD ′
U ′
∩X =D and
g ′P is a D-Green function induced by (X
′
U ′
,D ′
U ′
) for all P ∈U ′ ∩MK .
The pair (XU ,DU ) in the condition (1) is called a defining model of D over U . If we
forget the Green function g∞ on X (C) from D, we have a global adelic R-Cartier divi-
sor on X , which is denoted by D
τ
and is called the truncation of D . For simplicity, a
collection of Green functions g = {g P}P∈MK ∪ {g∞} is often denoted by the following
symbol:
g =
∑
P∈MK
g P [P]+ g∞[∞].
Let Rat(X ) be the rational function field of X . For ϕ ∈Rat(X )×, we defineÓ(ϕ) to be
Ó(ϕ) := (ϕ), ∑
P∈MK
(− log |ϕP |
2)[P]+ (− log |ϕ∞|
2)[∞]
!
,
whereϕP andϕ∞ are the rational functions onX anP andX (C) inducedbyϕ, respectively.
The adelic arithmetic divisor Ó(ϕ) is called an adelic arithmetic principal divisor. Let
D1 = (D1, g 1) andD2 = (D2, g 2) be adelic arithmeticR-Cartier divisors of C 0-type on X .
For a 1,a 2 ∈R, we define a 1D1+a 2D2 to be
a 1D1+a 2D2 := (a 1D1+a 2D2,a 1g 1+a 1g 2),
where a 1g 1+a 2g 2 =
∑
P∈MK
(a 1(g 1)P+a 2(g 2)P )[P]+(a 1(g 1)∞+a 2(g 2)∞)[∞]. The space of
all adelic arithmeticR-Cartier divisors of C 0-type on X is denoted bydDiva
C 0
(X )R, which
forms an R-vector space by the previous definition. Moreover, we define D1 ≤ D2 by
the following conditions:
(a) D1 ≤D2.
(b) (g 1)P ≤ (g 2)P for all P ∈MK and (g 1)∞ ≤ (g 2)∞.
Similarly, for global adelicR-Cartier divisors
(D1,{(g 1)P}P∈MK ) and (D2,{(g 2)P}P∈MK ),
(D1,{(g 1)P}P∈MK )≤ (D2,{(g 2)P}P∈MK )
is defined byD1 ≤D2 and (g 1)P ≤ (g 2)P for all P ∈MK .
Let X be a normal model of X over Spec(OK ) and let D = (D, g∞) be an arithmetic
R-Cartier divisor of C 0-type onX (cf. [26, Section 5]). The pair (X ,D) gives rise to an
adelic arithmeticR-Cartier divisor of C 0-type on X , that is, 
D ∩X ,
∑
P∈MK
g (X(P),D(P))[P]+ g∞[∞]
!
,
whereX(P) is the localizationofX → Spec(OK ) atP andD(P) is the resectionofD toX(P).
We use the symbolX(P) to distinguish it from XP at the beginning of this subsection. We
denote it by D
a
and it is called the associated adelic arithmetic R-Cartier divisor with
D. Note that Ó(ϕ) = Ó(ϕ)Xa for ϕ ∈ Rat(X )×, where Ó(ϕ)X is the arithmetic principal
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divisor of ϕ onX . Similarly, the associated global adelicR-Cartier divisor Da with D is
defined by
Da :=

D ∩X ,
¦
g (X(P),D(P))
©
P∈MK

.
By abuse of notation, we often use the notations D ≤ D2 and D1 ≤ D instead of D
a
≤
D2 and D1 ≤ D
a
respectively. The following proposition is the arithmetic version of
Proposition 2.2.1 and it follows from Proposition 2.2.1.
Proposition 4.1.2. LetX be a normal model of X over Spec(OK ) and letdDivC 0(X )R be
the space of arithmeticR-Cartier divisors of C 0-type onX . Let
ι :dDivC 0(X )R→dDivaC 0(X )R
be the map given by D 7→D
a
. Then we have the following:
(1) The map ι :dDivC 0(X )R →dDivaC 0(X )R is an injective homomorphism of R-vector
spaces.
(2) D1 ≤D2⇐⇒D
a
1 ≤D
a
2.
The following theorem is a consequence of Theorem 3.3.7.
Theorem4.1.3 (Approximation theoremof adelic arithmeticR-divisors). LetD = (D, g )
be an adelic arithmetic R-Cartier divisor of C 0-type on X and let (XU ,DU ) be a defining
model of D over a non-empty open set U ⊆ Spec(OK ). For any positive number ε > 0,
there exist a normal model Xε over Spec(OK ), and R-Cartier divisors D1 and D2 on Xε
with the following properties:
(1) Xε|U =XU , D1|U =DU and D2|U =DU .
(2) If we set S =MK \U, D1 = (D1, g∞) andD2 = (D2, g∞), then
D −
 
0,
∑
P∈S
ε[P]
!
≤D
a
1 ≤D ≤D
a
2 ≤D +
 
0,
∑
P∈S
ε[P]
!
.
4.2. Global degree. LetD = (D, g ) be an adelic arithmeticR-Cartier divisor ofC 0-type
on X . Let x be a closed point of X . First we assume that x 6∈ SuppR(D). For P ∈MK ,
the local degree ofD over the valuation vP is denoted byddegP(D |x ) (cf. Subsection 2.3).
Moreover,ddeg∞(D |x ) is defined byddeg∞(D |x ) := 12 ∑
σ:K (x ),→C
g∞(xσ),
where K (x ) is the residue field at x and xσ is theC-value point given by
OX ,x → K (x )
σ
,→C.
LetU be a non-empty Zariski open set of Spec(OK ) such that D has a defining model
(XU ,DU ) overU . Let ∆x be the closure of x inXU . ShrinkingU if necessarily, we may
assume that∆x ∩Supp(DU ) = ;, which implies thatddegP (D |x ) = 0 for P ∈U . Therefore,
we can defineddeg(D |x ) to beddeg(D |x ) = ∑
P∈MK
ddegP (D |x )+ddeg∞(D |x ).
Note that
(4.2.1) ddeg(Ó(ϕ)|x ) = 0
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for ϕ ∈ Rat(X )× with x 6∈ Supp((ϕ)). In general, we can find φ ∈ Rat(X )×R such that
x 6∈ Supp(D+(φ)) (cf. [26, Lemma 5.2.3]). By using (4.2.1), we can see that the quantityddeg(D+d(φ)|x ) does not depend on the choice of φ, so that it is denoted by ddeg(D |x )
and is called the global degree of D along x . The equation (4.2.1) can be generalized as
follows:
(4.2.2) ddeg(d(ψ)|x ) = 0
for allψ ∈Rat(X )×.
Lemma4.2.3. Let D1 = (D1, g 1) andD2 = (D2, g 2) be adelic arithmeticR-Cartier divisors
of C 0-type on X . If D1 =D2 and g 1 ≤ g 2, thenddeg(D1|x )≤ddeg(D2|x ) for all closed points
x of X .
Proof. AsD1 =D2 and g 1 ≤ g 2, there are non-negative continuous functionsφP on X anP
and φ∞ on X (C) such that (g 2)P = (g 1)P +φP and (g 2)∞ = (g 1)∞+φ∞, respectively. We
setφ =
∑
P∈MK
φP [P]+φ∞[∞]. Then, asddeg((0,φ)|x )≥ 0,ddeg(D2|x ) =ddeg(D1|x )+ddeg((0,φ)|x )≥ddeg(D1|x ),
as required. 
4.3. Volume of adelic arithmeticR-Cartier divisors. LetD be anR-Cartier divisor on
X , D
′
= (D, g ′) a global adelic R-Cartier divisor of C 0-type on X , and D = (D, g ) an
adelic arithmeticR-Cartier divisor of C 0-type on X . We defineH 0(X ,D), Hˆ 0(X ,D
′
) and
Hˆ 0(X ,D) to be
H 0(X ,D) :=

ϕ ∈Rat(X )× |D +(ϕ)≥ 0
	
∪ {0},
Hˆ 0(X ,D
′
) :=
¦
ϕ ∈H 0(X ,D) | ‖ϕ‖g ′P ≤ 1 for all P ∈MK
©
,
Hˆ 0(X ,D) :=
¦
ϕ ∈H 0(X ,D) | ‖ϕ‖g℘ ≤ 1 for all ℘∈MK ∪ {∞}
©
.
Note that Hˆ 0(X ,D
′
) is a submodule ofH 0(X ,D) by using Proposition 2.1.3. Let us check
the following proposition:
Proposition 4.3.1. (1) Hˆ 0(X ,D
′
) and Hˆ 0(X ,D) are given in the following ways:Hˆ 0(X ,D
′
) =
n
ϕ ∈Rat(X )× |D
′
+Ó(ϕ)τ ≥ 0o∪ {0},
Hˆ 0(X ,D) =
n
ϕ ∈Rat(X )× |D +Ó(ϕ)≥ 0o∪ {0}.
(2) We assume that D
τ
=D
′
. If there are a normal modelX of X over Spec(OK ) and
an R-Cartier divisor D onX such that D ∩X = D and g P is the Green function
arising from (X ,D) for each P ∈MK , then
Hˆ 0(X ,D
′
) =H 0(X ,D) and Hˆ 0(X ,D) = Hˆ 0(X , (D, g∞)).
(3) Hˆ 0(X ,D
′
) is a finitely generated free Z-module and Hˆ 0(X ,D) is a finite set. We
denote log#(Hˆ 0(X ,D)) by hˆ0(X ,D).
Proof. (1) Note that
‖ϕ‖g∞ ≤ 1 ⇐⇒ g∞− log |ϕ|
2 ≥ 0 on X (C)
and
‖ϕ‖gP ≤ 1 ⇐⇒ g P − log |ϕ|
2 ≥ 0 on X an
P
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for P ∈MK . Thus (1) follows.
(2) The assertions of (2) follow from (1) and Proposition 4.1.2.
(3) Clearly we may assume that D
τ
= D
′
. We can find a normal modelX of X over
Spec(OK ) and an arithmetic R-Cartier divisor D = (D,h) of C 0-type on X such that
D ≤D
a
. Thus
Hˆ 0(X ,D
′
)⊆ Hˆ 0(X ,Da) =H 0(X ,D)
by (2). Note that H 0(X ,D) is a finitely generated free Z-module, so that Hˆ 0(X ,D
′
) is
also a finitely generated free Z-module. Since Hˆ 0(X ,D) ⊆ Hˆ 0(X ,D), the last assertion
is obvious. 
Definition 4.3.2. LetD = (D, g ) be an adelic arithmeticR-Cartier divisor ofC 0-type on
X . The quantity χˆ(X ,D) is defined by
χˆ(X ,D) := χˆ

Hˆ 0(X ,D
τ
),‖ · ‖g∞

(cf. Conventions and terminology 0.5.3). Note that
hˆ0(X ,D) = hˆ0

Hˆ 0(X ,D
τ
),‖ · ‖g∞

.
Moreover, we define the volumeÓvol(D) of D and the χˆ-volumeÓvolχ (D) of D to be
Óvol(D) := limsup
n→∞
hˆ0(X ,nD)
nd+1/(d +1)!
and Óvolχ (D) := limsup
n→∞
χˆ(X ,nD)
nd+1/(d +1)!
,
respectively, where d = dimX . By Minkowski’s theorem, Óvolχ (D) ≤ Óvol(D). Let L =
(L,h) be another adelic arithmeticR-Cartier divisor of C 0-type on X . Clearly, if L ≤D,
then hˆ0(X ,L) ≤ hˆ0(X ,D) andÓvol(L) ≤Óvol(D). Further, by (1.3.3.1), if L ≤ D and L = D ,
then χˆ(X ,L)≤ χˆ(X ,D) andÓvolχ (L)≤Óvolχ (D). For the symbol ♮,Óvol♮(D) stands for eitherÓvol(D) orÓvolχ (D), that is,
Óvol♮(D) =(Óvol(D) if ♮ is blank,Óvolχ (D) if ♮ is χ .
4.4. Positivity of adelic arithmetic R-Cartier divisors. Here let us introduce several
kinds of the positivity of adelic arithmetic divisors.
Definition 4.4.1. LetD = (D, g ) be an adelic arithmeticR-Cartier divisor ofC 0-type on
X .
• Big: We say D is big if Óvol(D) > 0. According as [21], we can give an alterna-
tive definition, that is, for any adelic arithmetic R-Cartier divisor L of C 0-type on X ,
Hˆ 0(X ,nD+L) 6= {0} for some positive integer n . Actually two definitions are equivalent
by the continuity of the volume function.
• Pseudo-effective: D is said to be pseudo-effective if D +A is big for any big adelic
arithmeticR-Cartier divisor A of C 0-type on X .
• Relatively nef: D is said to be relatively nef if the following conditions are satisfied:
(1) For P ∈MK , g P is of (C 0∩PSH)-type.
(2) The Green function g∞ on X (C) is of (C 0 ∩ PSH)-type, that is, the first Chern
current c1(D, g∞) is positive.
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If (XU ,DU ) is a defining model of D, then DU is relatively nef with respect toXU →U
by Proposition 2.1.7.
•Nef: We sayD is nef ifD is relatively nef andddeg(D |x )≥ 0 for all closed point x of X .
For example, ifφ ∈Rat(X )×, then the adelic arithmetic principal divisord(φ) ofφ is nef.
Let us see the following proposition.
Proposition 4.4.2. Let D = (D,{g P}P∈MK ∪ {g∞}) be an adelic arithmeticR-Cartier divi-
sor of C 0-type on X . Then we have the following:
(1) Let U be a non-empty open set of Spec(OK ) such that there is a defining model
(XU ,DU ) of D overU. If D is relatively nef, then there are sequences {(Xn ,Dn )}∞n=1
and {(Xn ,D ′n )}
∞
n=1 with the following properties:
(1.1) For every n ≥ 1,Xn is a normal model of X over Spec(OK ) such that Xn |U =
XU .
(1.2) For every n ≥ 1, Dn and D ′n are relatively nef R-Cartier divisors onXn such
thatDn |U =D ′n |U =DU .
(1.3) (D ′
n
, g∞)a ≤D ≤ (Dn , g∞)a for all n ≥ 1.
(1.4) If we set
φn ,P := g P − g ((Xn )(P), (Dn )(P)) and φ
′
n ,P := g P − g ((Xn )(P), (D′n )(P)),
then
lim
n→∞
‖φn ,P‖sup = lim
n→∞
‖φ′
n ,P‖sup = 0,
where (Xn )(P) is the localization of Xn → Spec(OK ) at P and (Dn )(P) and
(D ′
n
)(P) are the restrictions of Dn and D ′n to (Xn )(P), respectively.
(2) If D is nef, then D is pseudo-effective.
(3) If D is big on X andD is pseudo-effective, then D+(0,ε[∞]) is big for any positive
number ε.
Proof. (1) By Proposition 2.1.7, DU is relatively nef with respect to XU →U . Thus the
assertion follows from Proposition 2.1.8.
(2) Let us choose a non-empty open set U of Spec(OK ) such that D has a defining
model overU . LetX be a normalmodel of X over Spec(OK ) and letA be an arithmetic
Cartier divisor of C∞-type onX such that
A −
∑
P∈MK \U
FP ,0

is ample, where FP is the fiber of X → Spec(OK ) over P. It is sufficient to show that
D + εA
a
is big for all ε ∈ R>0. By (1), we can choose a normal model X ′ of X over
Spec(OK ) and a relatively nefR-Cartier divisorD onX ′ such that
(D, g∞)
a−

0,
∑
P∈MK \U
ε[P]

≤D ≤ (D, g∞)
a.
Wemay assume that there is a birational morphismµ :X ′→X . Then (D, g∞) is nef by
Lemma 4.2.3 and
(D, g∞)+εµ
∗

A −
∑
P∈MK \U
FP ,0
a
≤D +εA
a
.
Note that (D, g∞)+εµ∗

A −
∑
P∈MK \U
FP ,0

is nef and big by [26, Proposition 6.2.2],
as required.
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(3) Let A be a big adelic arithmeticR-Cartier divisor of C 0-type on X . Let us see the
following claim:
Claim 4.4.2.1. There are m ∈Z>0,φ ∈Rat(X )× and λ ∈R such that
mD−A+d(φ)+ (0,λ[∞])≥ 0.
Proof. SinceD is big on X , there are a positive integerm and a non-zero rational func-
tionψ onX such thatmD−A+(ψ) is effective. We set (L,h) :=mD−A+d(ψ). LetU be a
non-empty open set of Spec(OK ) such that L has a definingmodelLU overU . As L ≥ 0,
shrinkingU if necessarily, we may assume thatLU is effective. In particular, hP ≥ 0 for
P ∈MK ∩U . Thus there is λ′ ∈R such that
(L,h)≥

0,
∑
P∈MK \U
(−λ′)[P]+ (−λ′)[∞]

.
We choose N ∈ Z>0 such that −λ′+ 2ordP (N )#(OK /P) ≥ 0 for all P ∈MK \U . If we set
∆=mD−A +×(Nψ), then
∆= (L,h)+d(N )
≥ (L,h)+
0, ∑
P∈MK \U
2ordP (N )#(OK /P)[P]− logN
2[∞]

≥
0, ∑
P∈MK \U
(−λ′+2ordP (N )#(OK /P))[P]− (λ
′+ logN 2)[∞]

≥

0,−(λ′+ logN 2)[∞]

,
as required. 
Let n be a positive integer such that λ/(n +m )≤ ε. Then
D +(1/n )(A−d(φ))≤D +(1/n )(mD+(0,λ[∞]))
= ((n +m )/n )(D+(0,λ/(n +m )[∞]))
≤ ((n +m )/n ))(D+(0,ε[∞])),
so that we have the assertion. 
In addition to the above positivity, an adelic arithmetic R-Cartier divisor D of C 0-
type on X is said to be integrable if there are relatively nef adelic arithmetic R-Cartier
divisors D
′
and D
′′
of C 0-type on X such that D = D
′
−D
′′
. The set of all integrable
adelic arithmeticR-Cartier divisors ofC 0-type on X is denoted bydDivaint(X )R. Note thatdDivaint(X )R forms a subspace ofdDivaC 0(X )R over R.
Remark 4.4.3. Let X be a normal model of X over Spec(OK ). We recall that an arith-
meticR-Cartier divisorD of C 0-type onX is said to be integrable if there are relatively
nef arithmeticR-Cartier divisorsD
′
andD
′′
ofC 0-type onX such thatD =D
′
−D
′′
(cf.
[27, Subsection 2.1]).
Finally let us introduce the relative nefness of a global adelicR-Cartier divisor.
Definition 4.4.4. Let D = (D,{g P}P∈MK ) be a global adelic R-Cartier divisor of C
0-type
on X . We sayD is relatively nef if g P is of (C 0∩PSH)-type for all P ∈MK .
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4.5. Global intersection number. The purpose of this subsection is to construct the
intersection pairingdDivaint(X )Rd+1→R (D1, . . . ,Dd+1) 7→ddeg(D · · ·Dd+1)
by using the local intersection number (cf. Subsection 2.4). For this, let us begin with
the following lemma.
Lemma 4.5.1. Let D = (D, g ) be an integrable adelic arithmeticR-Cartier divisor of C 0-
type on X . Then there are a normal model X of X , an integrable arithmetic R-Cartier
divisor D of C 0-type on X , a finite subset {P1, . . . ,Pr } of MK and integrable continuous
functionsφ1, . . . ,φr on X anP1 , . . . ,X
an
Pr
, respectively such that
D =D
a
+
 
0,
r∑
i=1
φi [Pi ]
!
.
Proof. By definition, there are relatively nef adelic arithmeticR-Cartier divisors L1 and
L2 of C 0-type on X such that D = L1 − L2, so that, by using Proposition 4.4.2, we can
find a normal modelX of X , relatively nef arithmeticR-Cartier divisorL 1 and L 2 of
C 0-type onX and a finite subset {P1, . . . ,Pr } ofMK such that
L1 =L
a
1+
 
0,
r∑
i=1
ϕi [Pi ]
!
and L2 =L
a
2+
 
0,
r∑
i=1
ψi [Pi ]
!
,
where ϕi andψi are continuous functions on X anPi . Note that ϕi andψi are integrable.
Thus, if we set D =L 1−L 2 andφi =ϕi −ψi , then we have the assertion. 
Let D1 = (D1, g 1), . . . ,Dd+1 = (Dd+1, g d+1) be integrable adelic arithmetic R-Cartier
divisors of C 0-type on X . Then, by Lemma 4.5.1, there are a normal modelX of X , in-
tegrable arithmeticR-Cartier divisorsD1, . . . ,Dd+1 ofC 0-type onX , and a finite subset
S ofMK such that
D i =D
a
i
+
 
0,
∑
P∈S
φi ,P[P]
!
,
where φi ,P ’s are integrable continuous functions X anP . We would like to define the in-
tersection numberddeg(D1 · · ·Dd+1) to beddeg(D1 · · ·Dd+1) :=ddeg(D1 · · ·Dd+1)
+
∑
P∈S
∑
I⊆{1,...,d+1}
I 6=;
log#(OK /P)ddegP
∏
i∈I
(0,φi ,P ) ·
∏
j 6∈I
(Dj )(P)
 ,
whereddegP is the local intersection number at P (cf. Subsection 2.4) and (Dj )(P) means
the restriction of Dj to the localization of X → Spec(OK ) at P. For this purpose, we
need to see that the above formula does not depend on the choice of X , D1, . . . ,Dd+1
and S. We denote the right hand side of the above by ∆(X ,D1, . . . ,Dd+1,S). Let X ′,
D
′
1, . . . ,D
′
d+1 and S
′ be another choice. In order to check
∆(X ,D1, . . . ,Dd+1,S) =∆(X
′,D
′
1, . . . ,D
′
d+1,S
′),
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we may assume thatX ′ =X and S′ =S. Note that there are verticalR-Cartier divisors
E1, . . . ,Ed+1 on X such that SuppR(E1), . . . ,SuppR(Ed+1) ⊆
∑
P∈S FP and D
′
i = Di + Ei for
i = 1, . . . ,d + 1, where FP is the fiber of X → Spec(OK ) over P. Thus it is sufficient to
show that
∆(X ,D1, . . . ,Dd+1,S) =∆(X ,D1+(E1,0), . . . ,Dd+1+(Ed+1,0),S)
for all verticalR-Cartier divisors E1, . . . ,Ed+1 onX with
SuppR(E1), . . . ,SuppR(Ed+1)⊆
∑
P∈S
FP .
If we can show
(4.5.2) ∆(X ,D1, . . . ,D l , . . . ,Dd+1,S) =∆(X ,D1, . . . ,D l +(E ,0), . . . ,Dd+1,S)
for a verticalR-Cartier divisor E onX with SuppR(E )⊆
∑
P∈S FP , then
∆(X ,D1, . . . ,Dd+1,S) =∆(X ,D1+(E1,0),D2, . . . ,Dd+1,S)
=∆(X ,D1+(E1,0),D2+(E2,0),D3, . . . ,Dd+1,S)
= · · ·=∆(X ,D1+(E1,0), . . . ,Dd+1+(Ed+1,0),S).
Therefore, it suffices to check (4.5.2). We set eP = g (X(P),E(P)). Then
D l =

D l +(E ,0)
a
+
 
0,
∑
P∈S
(φl ,P − eP)[P]
!
,
so that
∆(X ,D1, . . . ,D l +(E ,0), . . . ,Dd+1,S) =ddeg(D1 · · · (D l +(E ,0)) · · ·Dd+1)+∑
P∈S
∑
I⊆{1,...,d+1}
I 6=;
log#(OK /P)ddegP
∏
i∈I
(0,φi ,P −δi l eP) ·
∏
j 6∈I
(Dj +δj lE )(P)
 .
Note that
ddeg(D1 · · · (D l +(E ,0)) · · ·Dd+1) =ddeg(D1 · · ·Dd+1)
+
∑
P∈S
log#(OK /P)ddegP ((D1)(P) · · · (Dl−1)(P) · (Dl+1)(P) · · · (Dd+1)(P) · E(P)).
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Moreover,
ddegP
∏
i∈I
(0,φi ,P −δi l eP) ·
∏
j 6∈I
(Dj +δj lE )(P)

=

ddegP
∏
i∈I
(0,φi ,P ) ·
∏
j 6∈I
(Dj )(P)

−ddegP
 ∏
i∈I \{l }
(0,φi ,P) ·
∏
j 6∈I
(Dj )(P) · eP
 if l ∈ I ,
ddegP
∏
i∈I
(0,φi ,P ) ·
∏
j 6∈I
(Dj )(P)

+ddegP
∏
i∈I
(0,φi ,P ) ·
∏
j 6∈I∪{l }
(Dj )(P) · eP
 if l 6∈ I ,
and hence
∑
P∈S
∑
I⊆{1,...,d+1}
I 6=;
log#(OK /P)ddegP
∏
i∈I
(0,φi ,P −δi l eP) ·
∏
j 6∈I
(Dj +δj lE )(P)

=
∑
P∈S
∑
I⊆{1,...,d+1}
I 6=;
log#(OK /P)ddegP
∏
i∈I
(0,φi ,P) ·
∏
j 6∈I
(Dj )(P)

−
∑
P∈S
log#(OK /P)ddegP((D1)(P) · · · (Dl−1)(P) · (Dl+1)(P) · · · (Dd+1)(P) · eP ).
Therefore, we have (4.5.2). By our construction, it is easy to see that the map
(D1, . . . ,Dd+1) 7→ddeg(D · · ·Dd+1)
is multi-linear and symmetric (cf. (2.4.6), (2.4.7) and Proposition 2.4.8).
LetD1, . . . ,Dd+1,D
′
1, . . . ,D
′
d+1 be integrable adelic arithmeticR-Cartier divisors ofC
0-
type on X . Let T be a finite set of MK and let ϕ1,P , . . . ,ϕd ,P be integrable continuous
functions on X anP for P ∈ T . By using Lemma 1.3.5, we can see that if
D
′
i
=D i +

0,
∑
P∈T
ϕi ,P [P]

for i = 1, . . . ,d +1, then
(4.5.3) ddeg(D ′1 · · ·D ′d+1) =ddeg(D1 · · ·Dd+1)
+
∑
P∈T
∑
I⊆{1,...,d+1}
I 6=;
log#(OK /P)ddegP
∏
i∈I
(0,ϕi ,P ) ·
∏
j 6∈I
(D j , (g j )P )
 ,
whereD j =

D j ,
∑
P
(g j )P[P]+ (g j )∞[∞]

for j = 1, . . . ,d +1.
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Proposition 4.5.4. Let D1, . . . ,Dd ,Dd+1 be integrable adelic arithmetic R-Cartier divi-
sors of C 0-type on X . Then we have the following:
(1) For φ ∈Rat(X )×R,ddeg(D1 · · ·Dd ·d(φ)) = 0.
(2) If D1, . . . ,Dd are nef and Dd+1 is pseudo-effective, thenddeg(D1 · · ·Dd ·Dd+1)≥ 0.
Proof. (1) Let us begin with the following claim:
Claim 4.5.4.1. LetX be a normalmodel of X and letD1, . . . ,Dd be integrable arithmetic
R-Cartier divisors of C 0-type onX . Thenddeg(D1 · · ·Dd ·d(φ)) = 0.
Proof. Step 1 (the case where D1, . . . ,Dd are of C∞-type) : If D1, . . . ,Dd are arithmetic
Cartier divisors of C∞-type on X and φ ∈ Rat(X )×, then the assertion is well-known.
On the other hand, by [26, Proposition 2.4.2], we can find arithmetic Cartier divisors
E 1, . . . ,E r of C∞-type on X , φ1, . . . ,φl ∈ Rat(X )×, a i j ∈ R (i = 1, . . . ,d , j = 1, . . . ,r ) and
b1, . . . ,b l ∈R such thatD i =
∑r
j=1a i jE j and φ =φ
b1
1 · · ·φ
b l
l . Thus, using the linearity of
the intersection pairing, we have the assertion.
Step 2 (the case where D1, . . . ,Dd are relatively nef) : LetA be an ample arithmetic
Cartier divisor of C∞-type onX . As
lim
n→∞
ddeg((D1+(1/n )A ) · · · (Dd +(1/n )A ) ·d(φ)) =ddeg(D1 · · ·Dd ·d(φ)),
we may assume thatD1, . . . ,Dd is ample on X . Then, by [26, Theorem 4.6], there are se-
quences { f 1,n}∞n=1, . . . { f d ,n}
∞
n=1 of F∞-invariant continuous functions on X (C) such that
lim
n→∞
‖ f i ,n‖sup = 0
andD i +(0, f i ,n ) is relatively nef and ofC∞-type for i = 1, . . . ,d and n ≥ 1. Therefore, by
using [27, Lemma 1.2.1] together with Step 1, we haveddeg(D1 · · ·Dd ·d(φ)) = lim
n→∞
ddeg((D1+(0, f 1,n )) · · · (Dd +(0, f d ,n )) ·d(φ)) = 0.
Step 3 (general case) : Since D i is integrable, there are relatively nef arithmetic R-
Cartier divisorsL i andM i of C 0-type onX such thatD i =L i −M i . Thus the asser-
tion follows from Step 2. 
Let us start the proof of (1). By Lemma 4.5.1, we can find a normal model X of X ,
integrable arithmeticR-Cartier divisorsD1, . . . ,Dd ofC 0-type onX , and a finite subset
S ofMK such that
D i =D
a
i
+
 
0,
∑
P∈S
φi ,P[P]
!
,
where φi ,P ’s are integrable continuous functions X anP . Then, by (4.5.3),ddeg(D1 · · ·Dd ·d(φ)) =ddeg(D1 · · ·Dd ·d(φ))
+
∑
P∈S
∑
I⊆{1,...,d+1}
I 6=;
log#(OK /P)ddegP
∏
i∈I
(0,φi ,P ) ·
∏
j 6∈I
(Dj )(P) · (φ)(P)
 .
Therefore, (1) follows from Claim 4.5.4.1 and (1) in Proposition 2.4.10.
(2) First let us see the following claim:
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Claim 4.5.4.2. LetX be a normal model of X and D1, . . . ,Dd ,Dd+1 be integrable arith-
meticR-Cartier divisors of C 0-type onX .
(a) If D1, . . . ,Dd are nef andDd+1 is effective, then
ddeg(D1 · · ·Dd ·Dd+1)≥ 0.
(b) Let E be an effective and integrable adelic arithmeticR-Cartier divisor of C 0-type
on X . IfD1, . . . ,Dd are nef, then
ddeg(Da1 · · ·Dad ·E )≥ 0.
Proof. (a) LetA be an ample arithmeticCartier divisor ofC∞-type onX . It is sufficient
to show that ddegD1+εA  · · ·Dd +εA  ·Dd+1≥ 0
for ε > 0. First we assume that D1, . . . ,Dd are of C∞-type. Then, by [26, Proposi-
tion 6.2.2],D i+εA is ample for every i , that is, there are ample arithmetic Cartier divi-
sorsA 1, . . . ,A r ofC∞-type onX such thatD i +εA =
∑r
j=1a i jA j for some a i j ∈R≥0.
On the other hand, by [26, Proposition 2.4.2], there are effective arithmetic Cartier di-
visors E 1, . . . ,E r ofC∞-type onX such thatDd+1 = b1E 1+· · ·+b lE l for some b1, . . . ,b l ∈
R≥0, and hence the assertion follows from [21, Proposition 2.3].
In general, as before, by [26, Theorem 4.6], there are sequences
{ f 1,n}
∞
n=1, . . . ,{ f d ,n}
∞
n=1
of F∞-invariant non-negative continuous functions on X (C) such that
lim
n→∞
‖ f i ,n‖sup = 0
and D i + εA + (0, f i ,.n ) is nef and of C∞-type for i = 1, . . . ,d and n ≥ 1. Therefore, by
[27, Lemma 1.2.1], we have
ddegD1+εA  · · ·D1+εA  ·Dd+1
= lim
n→∞
ddegD1+εA +(0, f 1,n ) · · ·Dd +εA +(0, f d ,n ) ·Dd+1≥ 0,
as required.
(b) By Theorem 4.1.3, there is a finite subsetS ofMK with the following property: for
any n ∈ Z>0, there are a normal model Xn of X together with a birational morphism
µn :Xn →X , and an integrable arithmeticR-Cartier divisor E n of C 0-type onXn such
that
E ≤E
a
n
≤ E +

0,
∑
P∈S
(1/n )[P]

.
Then E n is effective by (2) in Proposition 4.1.2 and, if we set
E
a
n
= E +

0,
∑
P∈S
ψn ,P[P]

,
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then ψn ,P is a continuous function on X anP with 0 ≤ ψn ,P ≤ 1/n for every n and P ∈ S.
Therefore, by (a)
ddeg(Da1 · · ·Dad ·E ) =ddeg(µ∗n (D1) · · ·µ∗n (Dd ) · E n )
−
∑
P∈S
log#(OK /P)ddegP(L1 · · ·Ld ;ψn ,P )
≥−
∑
P∈S
log#(OK /P)ddegP (L1 · · ·Ld ;ψn ,P )
On the other hand, by (3) in Proposition 2.4.10,ddegP (L1 · · ·Ld ;ψn ,P )≤ 1−2n logv (̟) deg((L1 ∩X ) · · · (Ld ∩X )).
Thus we have the assertion of (b). 
Claim 4.5.4.3. If D1, . . . ,Dd are nef and Dd+1 is effective, thenddeg(D1 · · ·Dd ·Dd+1)≥ 0.
Proof. By (1) in Proposition 4.4.2, as before, we can find a finite subset T of MK with
the following property: for any n ∈Z>0, there are a normalmodelXn and relatively nef
arithmeticR-Cartier divisors
D1,n , . . . ,Dd ,n
of C 0-type onXn such that
D i ≤D
a
i ,n ≤D i +

0,
∑
P∈T
(1/n )[P]

for i = 1, . . . ,d . Note thatD i ,n is nef for every i and n by Lemma 4.2.3, and if we set
D
a
i ,n =D i +

0,
∑
P∈T
ϕi ,n ,P [P]

,
then ϕi ,n ,P is a continuous function on X anP with 0≤ϕi ,n ,P ≤ 1/n for every n and P ∈ T .
Then, by (4.5.3),
ddeg(D1 · · ·Dd ·Dd+1) =ddeg(Da1,n · · ·Dad ,n ·Dd+1)+∑
P∈T
∑
I⊆{1,...,d+1}
I 6=;
log#(OK /P)ddegP
∏
i∈I
(0,−ϕi ,n ,P ) ·
∏
j 6∈I
(Dj )(P) · (Dd+1, (g d+1)P )
 ,
where Dd+1 = (Dd+1,
∑
P
(g d+1)P [P] + (g d+1)∞[∞]). By using (3) in Proposition 2.4.10, it
is easy to see that
lim
n→∞
ddegP
∏
i∈I
(0,−ϕi ,n ,P ) ·
∏
j 6∈I
(Dj )(P) · (Dd+1, (g d+1)P )
= 0
for all P ∈ T and I ⊆ {1, . . . ,d }with I 6= ; (cf. the proof of (2) in Claim 4.5.4.2). Therefore,
the assertion follows from (2) in Claim 4.5.4.2. 
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Let B be a nef and big adelic arithmeticR-Cartier divisors ofC 0-type on X . For ε> 0,
as Dd+1+εB is big, there are n ∈Z>0 andψ ∈Rat(X )× such that
Dd+1+εB +(1/n )d(ψ)≥ 0,
so that, by using (1) and Claim 4.5.4.3,
ddeg(D1 · · ·Dd ·Dd+1)+εddeg(D1 · · ·Dd · B )
=ddegD1 · · ·Dd ·Dd+1+εB +(1/n )d(ψ)≥ 0.
Thus the assertion follows. 
5. CONTINUITY OF THE VOLUME FUNCTION
The purpose of this section is to consider the continuity of the volume function and
its applications. The continuity of the volume function is a very fundamental result in
the theory of birational Arakelov geometry. It actually has a lot of applications by using
perturbationmethods. The generalized Hodge index theorem is one of significant ex-
amples, which is a generalization of results due to Faltings-Gillet-Soulé-Zhang (cf. [9],
[10] and [33]).
Throughout this section, let K be a number field and let X be a d -dimensional, pro-
jective, smooth and geometrically integral variety over K .
5.1. Basic properties of the volume. In this subsection, we investigate several basic
properties of the volume function. First of all, let us beginwith the finiteness ofÓvol, the
limit theorem and the positive homogeneity ofÓvol.
Theorem 5.1.1. (1) (Finiteness)Óvol(D)<∞.
(2) (Limit theorem) The “ limsup” in the definition ofÓvol (cf. Definition 4.3.2) can
be replaced by “ lim”, that is,
Óvol(D) = lim
t→∞
hˆ0(X , t D)
t d+1/(d +1)!
,
where t is a positive real number.
(3) (Positive homogeneity)Óvol(aD) = ad+1Óvol(D) for a ∈R≥0.
Proof. (1) is obvious because we can find a normalmodelX of X over Spec(OK ) and an
arithmeticR-Cartier divisorD of C 0-type onX such thatD ≤D
a
.
(2) Let (XU ,DU ) be a definingmodel of D over a non-empty open setU of Spec(OK ).
By Theorem 4.1.3, for any ε > 0, there is a normal model Xε of X and an arithmetic
R-Cartier divisorDε of C 0-type onXε such that Xε|U =XU , Dε|U =DU and
D
a
ε ≤D ≤D
a
ε+

0,
∑
P∈S
2ε log#(OK /P)[P]

.
where S = MK \U . Note that the fiber FP of Xε → Spec(OK ) over P yields a constant
function 2log#(OK /P) on X anP . Thus the above inequalities mean that
D
a
ε
≤D ≤

Dε+ε
∑
P∈S
FP ,0
a
.
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AsÓvolDε andÓvolDε+ε∑P FP ,0 can be expressed by “lim” (cf. [23, Theorem5.1]
and [26, Theorem 5.2.2]), if we set
∆= limsup
t→∞
hˆ0(X , t D)
t d+1/(d +1)!
− liminf
t→∞
hˆ0(X , t D)
t d+1/(d +1)!
,
then
0≤∆≤ÓvolDε+ε∑
P∈S
FP ,0

−ÓvolDε .
Let us choose a positive number N such that N ∈ P for all P ∈ S. Then
∑
P∈S FP ≤ (N ).
Thus, by using [23, Proposition 4.6] and [26, Theorem 5.2.2],
∆≤ÓvolDε+ε∑
P
FP ,0

−ÓvolDε
≤ÓvolDε+ε((N ),0)−ÓvolDε
= εd+1Óvol(1/ε)Dε+((N ),0)−ÓvolDε
= εd+1Óvol(1/ε)Dε+((N ),0)−d(N )−ÓvolDε
=ÓvolDε+ε((N ),0)−εd(N )−ÓvolDε
=ÓvolDε+(0,2ε logN )−ÓvolDε
≤ ε log(N )(d +1)[K :Q]vol(X ,D).
Note that log(N )(d +1)[K :Q]vol(X ,D) does not depend on ε, so that∆= 0.
(3) If a = 0, then the assertion is obvious. Otherwise, by using (2),
Óvol(aD) = lim
t→∞
hˆ0(X , t aD )
t d+1/(d +1)!
= ad+1 lim
t→∞
hˆ0(X , t aD )
(t a )d+1/(d +1)!
= ad+1Óvol(D),
as desired. 
Next let us consider the following estimate for the proof of the continuity ofÓvol andÓvolχ .
Proposition 5.1.2. Let D = (D, g ) be an adelic arithmetic R-Cartier divisor on X . Let
ϕ1 ∈C 0(X
an
P1
), . . . ,ϕr ∈C 0(X anPr ),ϕ∞ ∈C
0
F∞
(X (C)), where P1, . . . ,Pr ∈MK . ThenÓvol♮
 
D +
 
0,
r∑
i=1
ϕi [Pi ]+ϕ∞[∞]
!!
−Óvol♮(D)

≤
(d +1)[K :Q]vol(X ,D)
2
 
r∑
i=1
‖ϕi‖sup+ ‖ϕ∞‖sup
!
,
whereÓvol♮ is eitherÓvol orÓvolχ (see Definition 4.3.2).
Let us begin with the following lemma:
Lemma 5.1.3. Let D = (D, g ) be an adelic arithmetic R-Cartier divisor of C 0-type on X
and P ∈MK . Then we have the following:
(1) Óvol♮(D+(0,a [P]))≤Óvol♮(D)+ (d +1)[K :Q]vol(X ,D)
2[KP :Qp ]
a for a ∈ R≥0, where p is
the prime number with pZ=Z∩P.
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(2) Óvol♮(D+(0,a [∞]))≤Óvol♮(D)+ (d +1)[K :Q]vol(X ,D)
2
a for a ∈R≥0.
Proof. (1) For each n ∈Z>0, let an be the round down of
na
2ordP (p ) log#(OK /P)
, that is,
an =

na
2ordP(p ) log#(OK /P)

.
Then we have the following claim:
Claim 5.1.3.1. p an Hˆ 0(X ,n (D
τ
+(0,a [P])))⊆ Hˆ 0(X ,nD
τ
).
Proof. Let φ ∈ Hˆ 0(X ,n (D
τ
+(0,a [P]))). LetQ ∈ Spec(OK ). IfQ 6= P, then
‖p anφ‖ngQ = vQ (p )
an‖φ‖ngQ ≤ 1.
Otherwise (i.e.Q = P),
‖p anφ‖ngP = vP(p )
an‖φ‖ngP = exp

−an ordP(p ) log#(OK /P)+
na
2

‖φ‖n (gP+a )
≤ exp

−na
2ordP(p ) log#(OK /P)
ordP (p ) log#(OK /P)+
na
2

‖φ‖n (gP+a )
= ‖φ‖n (gP+a ) ≤ 1,
as required. 
We set Qn =Coker

Hˆ 0

X ,nD
τ
→ Hˆ 0

X ,n (D
τ
+(0,a [P])

,
rn = dimQH 0(X ,nD) = [K :Q]dimK H 0(X ,nD).
Then, by (1.3.3.4) and (1.3.3.5),(
hˆ0(X ,n (D +(0,a [P])))≤ hˆ0(X ,nD)+ log#(Qn )+ log(6)rn ,
χˆ(X ,n (D +(0,a [P]))) = χˆ(X ,nD)+ log#(Qn ).
By the above claim,
log#(Qn )≤ log#

Hˆ 0

X ,n (D
τ
+(0,a [P]))

p an Hˆ 0

X ,n (D
τ
+(0,a [P]))

= an rn log(p ).
Therefore, (1) follows because
lim
n→∞
an rn log(p )
nd+1/(d +1)!
=
a (d +1)[K :Q] log(p )
2ordP (p ) log#(OK /P)
lim
n→∞
dimK H 0(X ,nD)
nd /d !
=
a (d +1)[K :Q]vol(X ,D)
2ordP (p )[OK /P :Z/pZ]
=
a (d +1)[K :Q]vol(X ,D)
2[KP :Qp ]
.
(2) By (1.3.3.2) and (1.3.3.3),(
hˆ0(X ,n (D +(0,a [∞])))≤ hˆ0(X ,nD)+ (na/2)rn + log(3)rn ,
χˆ(X ,n (D +(0,a [∞]))) = χˆ(X ,nD)+ (na/2)rn .
Therefore, (2) follows. 
Proof of Proposition 5.1.2. Let us start the proof of Proposition 5.1.2. First we check the
following special cases:
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Claim 5.1.4.1. The following inequalities hold:
(1)
Óvol♮D+  0,ϕ1[P1]−Óvol♮(D)≤ (d +1)[K :Q]vol(X ,D)
2
‖ϕ1‖sup.
(2)
Óvol♮D+  0,ϕ∞[∞]−Óvol♮(D)≤ (d +1)[K :Q]vol(X ,D)
2
‖ϕ∞‖sup.
Proof. (1) By using (1) in Lemma 5.1.3,Óvol♮(D +(0,ϕ1[P1]))−Óvol♮(D)≤Óvol♮(D +(0,‖ϕ1‖sup[P1]))−Óvol♮(D)
≤
(d +1)[K :Q]vol(X ,D)
2
‖ϕ1‖sup.
Applying (1) in Lemma 5.1.3 to the case whereD is D − (0,a [P1]), we haveÓvol♮(D)≤Óvol♮(D − (0,a [P1]))+ (a/2)(d +1)[K :Q]vol(X ,D).
Therefore, Óvol♮(D)−Óvol♮(D +(0,ϕ1[P1]))≤Óvol♮(D)−Óvol♮(D − (0,‖ϕ1‖sup[P1]))
≤
(d +1)[K :Q]vol(X ,D)
2
‖ϕ1‖sup.
Thus we have (1).
(2) can be shown in the same way as (1) by using (2) in Lemma 5.1.3. 
In general, we set
D j =
D +(0,ϕ∞[∞]) if j = 0,D +0,∑j
i=1ϕi [Pi ]+ϕ∞[∞]

if j ≥ 1.
Then, asÓvol♮
 
D +
 
0,
r∑
i=1
ϕi [Pi ]+ϕ∞[∞]
!!
−Óvol♮(D)

≤
r∑
j=1
Óvol♮D j −Óvol♮ D j−1+ Óvol♮ D0−Óvol♮D ,
using the previous claim, we have the assertion. 
As a consequence of the above estimate, we have the following proposition, so that
we can deduce Fujita’s approximation theorem for adelic arithmeticR-Cartier divisors
(cf. Theorem 5.1.6).
Proposition 5.1.5. Let D be an adelic arithmetic R-Cartier divisor of C 0-type on X .
Then, for a positive number ε, there are a normal model ofX over Spec(OK ) and arith-
meticR-Cartier divisorsD and D
′
of C 0-type onX such that
D
a
≤D ≤D
′a
, 0≤Óvol(D)−Óvol(D)≤ ε and 0≤Óvol(D ′)−Óvol(D)≤ ε.
50 ATSUSHI MORIWAKI
Proof. LetU be a non-empty open set of Spec(OK ) such thatD has definingmodelsDU
overU . We set S =MK \U . We choose a positive number ε′ such that
ε′(d +1)[K :Q]Óvol(X ,D)#(S)≤ 2ε.
By Theorem 4.1.3, there are a normal model ofX and arithmeticR-Cartier divisors D
andD
′
of C 0-type onX such that
D −

0,
∑
P∈S
ε′[P]

≤D ≤D ≤D
′
≤D +

0,
∑
P∈S
ε′[P]

.
Then
0≤Óvol(D)−Óvol(D)≤Óvol(D)−ÓvolD −0,∑
P∈S
ε′[P]

and
0≤Óvol(D ′)−Óvol(D)≤ÓvolD +0,∑
P∈S
ε′[P]

−Óvol(D).
On the other hand, by Proposition 5.1.2,
Óvol(D)−ÓvolD −0,∑
P∈S
ε′[P]

≤ (ε′/2)(d +1)[K :Q]Óvol(X ,D)#(S)
and
ÓvolD +0,∑
P∈S
ε′[P]

−Óvol(D)≤ (ε′/2)(d +1)[K :Q]Óvol(X ,D)#(S).
Thus the assertion follows. 
The following theorem is the adelic version of arithmetic Fujita’s approximation the-
orem. It has been already established by Boucksom and H. Chen [5]. Here we give
another proof of it and generalize it toR-divisors.
Theorem 5.1.6 (Fujita’s approximation theorem for adelic arithmetic divisors). Let D
be a big adelic arithmeticR-Cartier divisor of C 0-type on X . Then, for any positive num-
ber ε, there are a birational morphismµ : Y → X of smooth, projective and geometrically
integral varieties over K and a nef adelic arithmeticR-Cartier divisorQ of C 0-type on Y
such thatQ ≤µ∗(D) andÓvol(Q)≥Óvol(D)−ε.
Proof. By Proposition 5.1.5, we can find a normal modelX of X over Spec(OK ) and an
arithmeticR-Cartier divisorD of C 0-type onX such that
D ≤D and Óvol(D)≥Óvol(D)−ε/2.
Moreover, by virtue of Fujita’s approximation theorem for arithmeticR-Cartier divisors
due to Chen-Yuan (cf. [8], [31] and [26, Theorem 5.2.2]), there are a birational mor-
phism µ˜ : Y → X of generically smooth, normal and projective arithmetic varieties
and a nef arithmeticR-Cartier divisorQ of C 0-type onY such that
Q ≤ µ˜∗(D) and Óvol(Q)≥Óvol(D)−ε/2.
Thus if we set Y =Y ×Spec(OK )Spec(K ), µ= µ˜

Y
andQ =Q
a
, then we have the assertion.

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5.2. Proof of the continuity of the volume function. The purpose of this subsection is
to prove the continuity of the volume function for adelic arithmeticR-Cartier divisors
of C 0-type. Namely we have the following theorem:
Theorem5.2.1 (Continuity of the volume functions for adelic arithmetic divisors). The
volume functionÓvol :dDiva
C 0
(X )R→R is continuous in the following sense: Let D1, . . . ,D r ,
A1, . . . ,A r ′ be adelic arithmetic R-Cartier divisors of C 0-type on X . Let {P1, . . . ,Ps } be a
finite subset of MK . For a compact subset B in Rr and a positive number ε, there are
positive numbers δ and δ′ such thatÓvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j +
 
0,
s∑
l=1
ϕPl [Pl ]+ϕ∞[∞]
!−Óvol r∑
i=1
a iD i
!≤ ε
holds for all a 1, . . . ,a r ,δ1, . . . ,δr ′ ∈R,ϕP1 ∈C
0(X anP1 ), . . . ,ϕPs ∈C
0(X anPs )andϕ∞ ∈C
0
F∞
(X (C))
with (a 1, . . . ,a r )∈ B,
∑r ′
j=1 |δj | ≤δ and
∑s
l=1 ‖ϕPl ‖sup+ ‖ϕ∞‖sup ≤δ
′.
Proof. Let us choose a non-empty open set U of Spec(OK ) such that D i (i = 1, . . . ,r )
and A j (j = 1, . . . ,r ′) have defining models Di ,U andAj ,U overU , respectively. We set
T =MK \U and
C =max
vol
X , r∑
i=1
a iDi +
r ′∑
j=1
δjA j
 r∑
i=1
|a i |+1
!  (a 1, . . . ,a r )∈ B∑r ′j=1 |δj | ≤ 1
 .
We choose a positive number ε′ such that
ε′(d +1)[K :Q]#(T )C ≤ ε/3.
By Theorem 4.1.3, there are a normal model of X and arithmetic R-Cartier divisors
D1, . . . ,D r ,A 1, . . . ,A r ′ ofC 0-type onX such that
D
a
i
≤D i ≤D
a
i
+
 
0,
∑
P∈T
ε′[P]
!
and A
a
j
≤ A j ≤A
a
j
+
 
0,
∑
P∈T
ε′[P]
!
for all i = 1, . . . ,r and j = 1, . . . ,r ′. Then,
r∑
i=1
a iD
a
i
+
r ′∑
j=1
δjA
a
j
−
0,∑
P∈T
ε′
 r∑
i=1
|a i |+
r ′∑
j=1
|δj |
 [P]

≤
r∑
i=1
a iD i +
r ′∑
j=1
δjA j
≤
r∑
i=1
a iD
a
i
+
r ′∑
j=1
δjA
a
j
+
0,∑
P∈T
ε′
 r∑
i=1
|a i |+
r ′∑
j=1
|δj |
 [P]
 .
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Therefore, by using Proposition 5.1.2,
(5.2.1.1)
Óvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j
−Óvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j


≤
ε′(d +1)[K :Q]#(T )
2
vol
X , r∑
i=1
a iDi +
r ′∑
j=1
δjA j

 r∑
i=1
|a i |+
r ′∑
j=1
|δj |

for all a 1, . . . ,a r ,δ1, . . . ,δr ′ ∈ R. Moreover, by [26, Theorem 5.2.2], there is a positive
number δ such that δ≤ 1 andÓvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j
−Óvol r∑
i=1
a iD i
!≤ ε/6
for all (a 1, . . . ,a r ) ∈ B and δ1, . . . ,δr ′ ∈R with
|δ1|+ · · ·+ |δr ′ | ≤δ.
Therefore, if we set
∆=
Óvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j
−Óvol r∑
i=1
a iD i
! ,
then
∆≤
Óvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j
−Óvol r∑
i=1
a iD i
!
+
Óvol
 
r∑
i=1
a iD i
!
−Óvol r∑
i=1
a iD i
!
+
Óvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j
−Óvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j

 .
Thus, by using (5.2.1.1), for (a 1, . . . ,a r )∈ B and δ1, . . . ,δr ′ ∈Rwith
|δ1|+ · · ·+ |δr ′ | ≤δ,
we have
(5.2.1.2) ∆≤ ε/6+ε/6+ε/6= ε/2.
On the other hand, by Proposition 5.1.2,Óvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j +
 
0,
s∑
l=1
ϕPl [Pl ]+ϕ∞[∞]
!
−Óvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j

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≤
(d +1)[K :Q]vol

X ,
∑r
i=1a iDi +
∑r ′
j=1δjA j

2
 
s∑
l=1
‖ϕPi ‖sup+ ‖ϕ∞‖sup
!
.
Here we set
C ′=max
vol
X , r∑
i=1
a iDi +
r ′∑
j=1
δjA j

 (a 1, . . . ,a r )∈ B ,
r ′∑
j=1
|δj | ≤δ

and choose a positive number δ′ such that
(d +1)[K :Q]C ′δ′ ≤ ε.
ThenÓvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j +
 
0,
s∑
l=1
ϕPl [Pl ]+ϕ∞[∞]
!
−Óvol
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j

≤ ε/2
for all a 1, . . . ,a r ,δ1, . . . ,δr ′ ∈R, ϕP1 ∈C
0(X anP1 ), . . . ,ϕPs ∈C
0(X anPs ) and ϕ∞ ∈C
0
F∞
(X (C)) with
(a 1, . . . ,a r ) ∈ B ,
∑r ′
j=1 |δj | ≤ δ and
∑s
l=1 ‖ϕPl ‖sup + ‖ϕ∞‖sup ≤ δ
′. Thus, by the above
estimate together with (5.2.1.2), we have the assertion. 
Theorem 5.2.2. The χˆ-volume functionÓvolχ :dDivaC 0(X )R → R is continuous in the fol-
lowing sense: Let D1, . . . ,D r , A1, . . . ,Ar ′ be adelic arithmeticR-Cartier divisors of C 0-type
on X . Let {P1, . . . ,Ps } be a finite subset of MK . For a 1, . . . ,a r ∈ R and ε ∈ R>0, there are
positive numbers δ and δ′ such thatÓvolχ
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j +
 
0,
s∑
l=1
ϕPl [Pl ]+ϕ∞[∞]
!−Óvolχ r∑
i=1
a iD i
!≤ ε
holds for all δ1, . . . ,δr ′ ∈ R, ϕP1 ∈ C
0(X anP1 ), . . . ,ϕPs ∈ C
0(X anPs ) and ϕ∞ ∈ C
0
F∞
(X (C)) with∑r ′
j=1 |δj | ≤δ and
∑s
l=1 ‖ϕPl ‖sup+ ‖ϕ∞‖sup ≤δ
′.
Proof. The proof is almost same as the proof of Theorem 5.2.1 in the case where B =
{(a 1, . . . ,a r )}. We use the same notation as in the proof of Theorem 5.2.1. Then, by [16,
Corollary 3.4.4], there is a positive number δ such that δ≤ 1 andÓvolχ
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j
−Óvolχ r∑
i=1
a iD i
!≤ ε/6
for δ1, . . . ,δr ′ ∈ R with |δ1|+ · · ·+ |δr ′ | ≤ δ. Thus, by virtue of Proposition 5.1.2, we can
show the similar estimateÓvolχ
 r∑
i=1
a iD i +
r ′∑
j=1
δjA j
−Óvolχ r∑
i=1
a iD i
!≤ ε/2
54 ATSUSHI MORIWAKI
as (5.2.1.2). The remaining part is exactly same as the proof of Theorem 5.2.1 by using
Proposition 5.1.2. 
5.3. Applications. Here we would like to give two applications of the continuity of the
volume function, that is, the log-concavity ofÓvol and the generalized Hodge index the-
orem for adelic arithmetic divisors.
Theorem 5.3.1. Let D1 and D2 be pseudo-effective adelic arithmetic R-Cartier divisors
of C 0-type on X . ThenÓvol(D1+D2)1/(d+1) ≥Óvol(D1)1/(d+1)+Óvol(D2)1/(d+1).
Proof. LetU be a non-empty open set of Spec(OK ) such that D1 and D2 have defining
models D1,U and D2,U overU . We set T =MK \U . For a positive number ε, by Theo-
rem 4.1.3, there are a normalmodel ofX of X and arithmeticR-Cartier divisorsD1 and
D2 of C 0-type onX such that
D1 ≤D1 ≤D1+
 
0,
∑
P∈T
ε[P],0
!
and D2 ≤D2 ≤D2+
 
0,
∑
P∈T
ε[P],0
!
.
AsD1 andD2 are pseudo-effective, by [31, Theorem B] or [26, Theorem 5.2.2], we haveÓvol(D1+D2)1/(d+1) ≥Óvol(D1)1/(d+1)+Óvol(D2)1/(d+1),
and hence
Óvol D1+D2+2ε 0,∑
P∈T
[P],0
!!1/(d+1)
≥Óvol(D1)1/(d+1)+Óvol(D2)1/(d+1).
Thus the assertion follows from the continuity ofÓvol ondDiva
C 0
(X )R (cf. Theorem 5.2.1).

Theorem 5.3.2 (Generalized Hodge index theorem for adelic arithmetic divisors). Let
D = (D, g ) be a relatively nef adelic arithmetic R-Cartier divisor of C 0-type on X . Thenddeg(Dd+1) = Óvolχ (D). In particular, ddeg(Dd+1) ≤ Óvol(D). Moreover, if D is nef, thenddeg(Dd+1) =Óvol(D).
Proof. Let X be a normal model of X over Spec(OK ) and D = (D, g∞) an arithmetic
R-Cartier divisor of C 0-type onX . First let us see the following claim:
Claim 5.3.2.1. If D is relatively nef, thenddeg(Dd+1) =Óvolχ (D).
Proof. We divide the proof into four steps:
Step 1 (the case where D is an arithmetic Q-Cartier divisor of C∞-type, D is ample
onX and c1(D) is a positive form) : This is a classic case. For example, it follows from
the arithmetic Riemann-Roch theorem due to Gillet-Soulé (cf. [10]).
Step 2 (the case where D is of C∞-type, D is relatively nef, c1(D) is a semi-positive
form) : As any arithmetic Cartier divisor of C∞-type can be written by a difference of
ample arithmetic Cartier divisors of C∞-type, we can find ample arithmetic Cartier di-
visorsA 1, . . . ,A l of C∞-type and real numbers a 1, . . . ,a l such that
D = a 1A 1+ · · ·+a lA l .
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Then, for any rational numbersb1, . . . ,b l with a i < b i for all i , b1A1+· · ·+b lAl is ample
and c1(b1A 1+ · · ·+b lA l ) is positive because
b1A 1+ · · ·+b lA l =D +(b1−a 1)A 1+ · · ·+(b l −a l )A l .
Thus, by Step 1,ddeg((b1A 1+ · · ·+b lA l )d+1) =Óvolχ (b1A 1+ · · ·+b lA l ).
Therefore, the assertion follows from Theorem 5.2.2.
Step 3 (the case where D ∩ X is ample on X ) : Let h be an F∞-invariant D-Green
function of C∞-type on X (C) such that c1(D,h) is a positive form. Then there is a con-
tinuous function φ on X (C) such that g∞ = h +φ, and hence c1(D,h) + dd c ([φ]) ≥ 0.
Thus, by [26, Lemma 4.2], there is a sequence {φn}∞n=1 of F∞-invariantC
∞-functions on
X (C)with the following properties:
(a) limn→∞ ‖φn −φ‖sup= 0.
(b) If we set E n = (D,h +φn ), then c1(E n ) is a semipositive form.
Then, by Step 2,ddeg(E d+1
n
) =Óvolχ (E n ) for alln . AsE n =D+(0,φn−φ), byTheorem5.2.2,
lim
n→∞
Óvolχ (E n ) =Óvolχ (D).
Moreover, by using [27, Lemma 1.2.1],
lim
n→∞
ddeg(E d+1
n
) =ddeg(Dd+1),
as required.
Step 4 (general case) : Finally we prove the assertion of the claim. LetA be an ample
arithmetic Cartier divisor ofC∞-type onX . Then, sinceD +εA is ample on X for any
positive number ε, we have ddeg((D + εA )d+1) = Óvolχ (D + εA ) by Step 3. Thus, the
assertion follows from Theorem 5.2.2. 
Weassume thatD is relativelynef. Let us choose a non-emptyopen setU of Spec(OK ),
a normal modelXU overU and a relatively nef R-Cartier divisor DU onXU such that
DU ∩ X = D and g P is the Green function arising from (XU ,DU ) for all P ∈ U ∩MK .
Moreover, by Proposition 4.4.2, there is a sequence {(Xn ,Dn )}∞n=1 with the following
properties:
(1) Xn is a normal model of X over Spec(OK ) such that Xn |U =XU .
(2) Dn is relatively nef R-Cartier divisor onXn and Dn |U =DU .
(3) D ≤ (Dn , g∞)a.
(4) If we set φn ,P = g ((Xn )(P), (Dn )(P))− g P for P ∈MK \U , then
lim
n→∞
‖φn ,P‖sup = 0.
As (Dn , g∞)a =D +

0,
∑
P∈MK \U
φn ,P [P]

, by Theorem 5.2.1 and Theorem 5.2.2,
(5.3.2.2) lim
n→∞
Óvol((Dn , g∞)) =Óvol(D) and lim
n→∞
Óvolχ ((Dn , g∞)) =Óvolχ (D).
Here let us see
(5.3.2.3) lim
n→∞
ddeg((Dn , g∞)d+1) =ddeg(Dd+1).
Indeed, we set
ψP = g P − g ((X1)(P), (D1)(P)) and ψn ,P = g ((Xn )(P), (Dn )(P))− g ((X1)(P), (D1)(P))
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for P ∈MK \U . Note thatφn ,P =ψP −ψn ,P . Then, by using Lemma 1.3.4, we can seeddeg((Dn , g∞)d+1) =ddeg((D1, g∞)d+1)
+
d+1∑
i=1
∑
P∈MK \U
log#(OK /P)ddegP((Dn )i−1(P) · (D1)d+1−i(P) ;ψn ,P ).
Thus, by virtue of Proposition 2.4.3,
lim
n→∞
ddeg((Dn , g∞)d+1) =ddeg((D1, g∞)d+1)
+
d+1∑
i=1
∑
P∈MK \U
log#(OK /P)ddegP((D, g P )i−1 · (D1)d+1−i(P) ;ψP ) =ddeg(Dd+1),
as desired.
By (5.3.2.2) and (5.3.2.3) together with the above claim, we have the first assertion.
If D is nef, then (Dn , g∞) is also nef by the property (3) and Lemma 4.2.3, and hence
the second assertion follows from (5.3.2.2) and (5.3.2.3) by using [26, Proposition 6.4.2]
and [27, Proposition 2.1.1]. 
6. ZARISKI DECOMPOSITIONS OF ADELIC ARITHMETIC DIVISORS ON ARITHMETIC SURFACES
LetX be a regular projective arithmetic surface and letD be an arithmeticR-Cartier
divisor ofC 0-type onX . The set of all nef arithmeticR-Cartier divisorsL ofC 0-type on
X withL ≤D is denoted by Υ(D). In [26, Theorem 9.2.1], it is shown that if Υ(D) 6= ;,
then Υ(D) has the greatest elementQ, that is,Q ∈ Υ(D) and L ≤Q for allL ∈ Υ(D).
If we set N := D −Q, then D = Q +N yields the Zariski decomposition of D . For
example, we can see that the natural map
Hˆ 0(X ,nQ)→ Hˆ 0(X ,nD)
is bijective for every n ∈ Z>0. In particular,Óvol(Q) =Óvol(D), so that it gives rise to a re-
finement of Fujita’s approximation theorem for arithmetic divisors. In this section, we
consider a generalization of the above result to an adelic arithmeticR-Cartier divisor.
6.1. Local Zariski decompositions of adelic divisors on algebraic curves. Let k be a
field and v a non-trivial discrete valuation of k . We assume that k ◦ is excellent. Let
̟ be a uniformizing parameter of k ◦. Let X be a projective, smooth and geomet-
rically integral curve over k . Let kv be the completion of k with respect to v and
Xv := X ×Spec(k ) Spec(kv ). The purpose of this subsection is to prove the following theo-
rem:
Theorem 6.1.1 (Local Zariski decomposition). Let D = (D, g ) be an adelic R-Cartier
divisor on X and letQ be an R-Cartier divisor on X withQ ≤D. Here we set
Σ(D;Q) :=
¨
L
 L is a relatively nef adelicR-Cartier divisor on Xsuch that L ≤Q and L ≤D
«
.
We assume that deg(Q)≥ 0. Then there exists aQ-Green function q of (C 0∩PSH)-type on
X an
v
such thatQ := (Q,q ) gives rise to the greatest element of Σ(D;Q), that is,Q ∈Σ(D;Q)
and L ≤Q for all L ∈Σ(D;Q). Moreover, we have the following:
(1) If D is given by an R-Cartier divisor D on a regular modelX of X over Spec(k ◦),
thenQ is given by a relatively nefR-Cartier divisorQ onX .
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(2) IfQ =D, thenddegv (Q; g −q ) = 0 (cf. Proposition-Definition 2.4.3).
Before starting the proof of Theorem 6.1.1, we need to prepare two lemmas.
Lemma6.1.2. LetX be a regularmodel of X over Spec(k ◦). Thenwe have the following:
(1) Let π :X ′→X be a birational morphism of regular models of X over Spec(k ◦),
and let L ′ be a relatively nef R-Cartier divisor on X ′. Then π∗(L ′) is relatively
nef and π∗(π∗(L ′))−L ′ is effective.
(2) IfL1, . . . ,Ll are relatively nefR-Cartier divisors onX , then
max{L1, . . . ,Ll }
is also relatively nef (for the definition ofmax{L1, . . . ,Ll }, see Conventions and
terminology 0.5.8).
(3) LetD be an R-Cartier divisor onX and g = g (X ,D). Then g is of (C 0∩PSH)-type
if and onlyD is relatively nef.
Proof. (1) Let C be an irreducible component of the central fiberX◦ ofX → Spec(k ◦).
Then
0≤ (L ′ ·π∗(C )) = (π∗(L
′) ·C ).
Thus π∗(L ′) is relatively nef.
Let us consider the second assertion. By [19, Theorem 9.2.2], π can be obtained by a
succession of blowing-ups at closed points. We prove it by induction on the number of
blowing-ups. First we consider the case where π is a blowing-up at a closed point. Let
C be the exceptional curve of π. Then
π∗(π∗(L
′))−L ′ = aC
for some a ∈R. As
((π∗(π∗(L
′))−L ′) ·C ) =−(L ′ ·C )≤ 0 and (C ·C )< 0,
we have a ≥ 0, as required. In general, we decomposeπ into two birationalmorphisms
π1 : X ′ → X1 and π2 : X1 →X of regular models of X , that is, π = π2 ◦π1. Note that
(π1)∗(L ′) is relatively nef by the previous observation. Thus, by the induction hypoth-
esis,
π∗1(π1)∗(L
′)−L ′ and π∗2(π2)∗((π1)∗(L
′))− (π1)∗(L
′)
are effective, so that
π∗(π∗(L
′))−π∗1(π1)∗(L
′) =π∗1

π∗2(π2)∗((π1)∗(L
′))− (π1)∗(L
′)

is also effective. Therefore, as
π∗(π∗(L
′))−L ′ =

π∗(π∗(L
′))−π∗1(π1)∗(L
′)

+

π∗1(π1)∗(L
′)−L ′

,
we have the assertion.
(2) We setL ′i :=max{L1, . . . ,Ll }−Li for each i . Let C be an irreducible component
ofX◦. Then there is i such thatC 6⊆ SuppR(L
′
i ). AsL
′
i is effective, we have deg(L
′
i

C
)≥
0, so that
deg(max{L1, . . . ,Ll }|C ) = deg(Li |C )+deg(L
′
i

C
)≥ 0.
(3) This is a special case of Proposition 2.1.7. 
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Lemma6.1.3. LetX be a regularmodel of X andD anR-Cartier divisor onX . LetQ be
an R-Cartier divisor on X withQ ≤D :=D ∩X. Here we set
ΣX (D;Q) :=
¨
L
 L is a relatively nefR-Cartier divisor onXsuch thatL ∩X ≤Q andL ≤D

.
(1) We assume that deg(Q) ≥ 0. Then there is a relatively nef R-Cartier divisor Q
onX such thatQ ∩X =Q andQ gives rise to the greatest element of ΣX (D;Q),
that is,Q ∈ΣX (D;Q) andL ≤Q for allL ∈ΣX (D;Q). Moreover, ifQ =D, then
(Q ·D −Q) = 0, that is,ddegv (Qa; g (X , D−Q)) = 0.
(2) Let π : X ′ → X be a birational morphism of regular models of X . If Q is the
greatest element of ΣX (D;Q), then π∗(Q) is also the greatest element of
ΣX ′(π
∗(D);Q).
Proof. (1) Let us begin with following claim:
Claim 6.1.3.1. (i) There is a relatively nef R-Cartier divisorP0 onX withP0∩X =
Q.
(ii) There isP ∈ΣX (D;Q) withP ∩X =Q.
Proof. (i) First we assume that deg(Q) = 0. LetP ′ be the closure ofQ inX . LetC1, . . . ,C r
be irreducible components of X◦. As (P ′ · X◦) = 0, by Zariski’s lemma, we can find
a 1, . . . ,a r ∈R such that  
r∑
i=1
a iC i ·C j
!
= (P ′ ·C j )
for all j = 1, . . . ,r . Thus, if we set P0 = P ′ −
∑r
i=1a iC i , then P0 is relatively nef and
P0 ∩X =Q.
Next we assume that deg(Q) > 0. Then there is φ ∈ Rat(X )×Q such thatQ + (φ)X ≥ 0,
where (φ)X is theQ-principal divisor ofφ on X . LetP ′ be the closure ofQ+(φ)X inX .
AsQ + (φ)X is effective, P ′ is relatively nef. Here we setP0 =P ′− (φ) onX . ThenP0
is relatively nef and
P0 ∩X =P
′ ∩X − (φ)∩X =Q +(φ)X − (φ)X =Q.
(ii) follows from (i) because P0−nX◦ ≤ D for a sufficiently large n and P0−nX◦ is
relatively nef. 
For a prime divisor C onX (that is, C is a reduced and irreducible curve onX ), we
set
qC := sup{multC (L ) | L ∈ΣX (D;Q)} ,
which exists in R because multC (L ) ≤ multC (D) for all L ∈ ΣX (D;Q). We fix P ∈
ΣX (D;Q) withP ∩X =Q by using Claim 6.1.3.1.
Claim 6.1.3.2. There is a sequence {Ln}∞n=1 of R-Cartier divisors in ΣX (D;Q) such that
P ≤Ln for all n ≥ 1 and limn→∞multC (Ln ) = qC for all prime divisors C in SuppR(D)∪
SuppR(P ).
Proof. For each prime divisorC in SuppR(D)∪SuppR(P ), there is a sequence {LC ,n}
∞
n=1
in ΣX (D;Q) such that
lim
n→∞
multC (LC ,n ) = qC .
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If we set
Ln =max

{LC ,n}C⊆SuppR(D)∪SuppR(P ) ∪ {P }

,
thenP ≤Ln andLn ∈ΣX (D;Q) by (2) in Lemma 6.1.2. Moreover, as
multC (LC ,n )≤multC (Ln )≤ qC ,
limn→∞multC (Ln ) = qC . 
Since max{P ,L}∈ΣX (D;Q) for allL ∈ΣX (D;Q) by (2) in Lemma 6.1.2, we have
multC (P )≤ qC ≤multC (D).
In particular, ifC 6⊆ SuppR(D)∪SuppR(P ), thenqC = 0, so thatwe can setQ :=
∑
C
qCC .
Clearly Q ∩ X = Q because P ≤ Q. Moreover, Q ∈ ΣX (D;Q) by Claim 6.1.3.2, and
L ≤Q for allL ∈ΣX (D;Q) by our construction.
Here we assume thatQ =D . Then D−Q is vertical. Let C be an irreducible compo-
nent of SuppR(D−Q). If (Q·C )> 0, thenQ+εC is relatively nef for a sufficiently small
positive number ε. Moreover,Q + εC ≤ D. This is a contradiction, so that (Q ·C ) = 0.
Therefore, (Q ·D −Q) = 0.
(2) Clearly π∗(Q) ∈ ΣX ′(π∗(D);Q). Let L ′ ∈ ΣX ′(π∗(D);Q). As π∗(L ′) is relatively nef
by (1) in Lemma 6.1.2, we have π∗(L ′) ∈ ΣX (D;Q), and hence π∗(L ′) ≤ Q. Thus, by
using (1) in Lemma 6.1.2,
L ′ ≤π∗(π∗(L
′))≤π∗(Q),
as required. 
Proof of Theorem 6.1.1. Let us start the proof of Theorem 6.1.1. We fix a regular model
X0 with the following properties:
(a) If D is given by an R-Cartier divisorD on a regular modelX , thenX0 =X .
(b) There is a relatively nef R-Cartier divisorQ0 onX0 withQ0 ∩X =Q (for details,
see Claim 6.1.3.1).
By Theorem 3.3.7, for each n ≥ 1, we can find a regular model Xn and an R-Cartier
divisorDn onXn such that
D −
1
n (n +1)
(Xn )
a
◦
≤Da
n
≤D +
1
n (n +1)
(Xn )
a
◦
.
ReplacingXn by a suitable regularmodel of X if necessarily, wemay assume that there
is a birational morphism πn+1 :Xn+1 →Xn for every n ≥ 0. Note that if D is given by
an R-Cartier divisor D on X , then Xn = X and Dn = D for all n ≥ 1. By using (1) in
Lemma 6.1.3, letQn be the greatest element of ΣXn (Dn ;Q). Let us check the following
claim:
Claim 6.1.4. (i) The following inequalities
Dn+1−
2
n (n +1)
(Xn+1)◦ ≤π
∗
n+1(Dn )≤Dn+1+
2
n (n +1)
(Xn+1)◦
hold for all n ≥ 1.
(ii) Moreover,
Qn+1−
2
n (n +1)
(Xn+1)◦ ≤π
∗
n+1(Qn )≤Qn+1+
2
n (n +1)
(Xn+1)◦
hold for all n ≥ 1.
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Proof. (i) The first inequality follows from the following observation:
π∗
n+1(Dn )
a ≥D −
1
n (n +1)
π∗
n+1((Xn )◦)
a
≥

Da
n+1−
1
(n +1)(n +2)
(Xn+1)
a
◦

−
1
n (n +1)
(Xn+1)
a
◦
≥

Dn+1−
2
n (n +1)
(Xn+1)◦
a
.
The second inequality is similar.
(ii) Note that π∗
n+1(Qn )− (2/n (n +2))(Xn+1)◦ ∈ΣXn+1(Dn+1;Q) because
π∗
n+1(Dn )− (2/n (n +2))(Xn+1)◦ ≤Dn+1
by (i), so that π∗
n+1(Qn )− (2/n (n +2))(Xn+1)◦ ≤Qn+1. Similarly
Qn+1− (2/n (n +2))(Xn+1)◦ ∈ΣXn+1(π
∗
n+1(Dn );Q)
byusing (i), and henceQn+1−(2/n (n+2))(Xn+1)◦ ≤π∗n+1(Qn ) by (2) in Lemma6.1.3. 
Let En :=Qn −ρ∗n (Q0), where ρn :=π1 ◦ · · · ◦πn :Xn →X0. Then En is vertical and
En+1−
2
n (n +1)
(Xn+1)◦ ≤π
∗
n+1(En )≤En+1+
2
n (n +1)
(Xn+1)◦
by (ii) of the previous claim, so that
ϕn+1−4

1
n
−
1
n +1

(− logv (̟))≤ϕn ≤ϕn+1+4

1
n
−
1
n +1

(− logv (̟)),
where ϕn := g (Xn ,En ). Therefore, if we set
ϕ′
n
=ϕn −
4(− logv (̟))
n
and ϕ′′
n
=ϕn +
4(− logv (̟))
n
,
then
ϕ′1 ≤ ·· · ≤ϕ
′
n
≤ϕ′
n+1 ≤ ·· · ≤ϕ
′′
n+1 ≤ϕ
′′
n
≤ ·· · ≤ϕ′′1 ,
and hence ϕ(x ) := limn→∞ϕn (x ) exists for each x ∈ X anv . Moreover, as
|ϕn (x )−ϕ(x )| ≤ϕ
′′
n
(x )−ϕ′
n
(x )≤ (8/n )(− logv (̟)),
the sequence {ϕn}∞n=1 converges to ϕ uniformly. In particular,ϕ is continuous on X
an
v
.
We set q := g (X0,Q0)+ϕ. As Qn is relatively nef, q is aQ-Green function of (PSH∩C
0)-
type. Note that in the case where D is given by a relatively nef R-Cartier divisor D on
X , then q = g (X ,Q1).
Let us see thatQ := (Q,q ) is the greatest element of Σ(D;Q). As {ϕn}∞n=1 converges ϕ
uniformly and
g (X0,Q0)+ϕn = g (Xn ,Qn ) ≤ g (Xn ,Dn ) ≤ g +
−2logv (̟)
n (n +1)
,
we can see thatQ ≤ D, that is, Q ∈ Σ(D;Q), so that we need to see that L ≤Q for all
L = (L, g L)∈Σ(D;Q).
First we assume that L is given by an R-Cartier divisorL on a regular model Y . By
(3) in Lemma 6.1.2, L is relatively nef. For each n ≥ 1, we choose a regular model Yn
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of X such that there are birational morphisms νn :Yn →Y and µn :Yn →Xn . If we set
Fn = (µn )∗(ν ∗n (L )), thenFn is relatively nef by (1) in Lemma 6.1.2. Moreover, as
ν ∗
n
(L )a ≤D ≤

µ∗
n
(Dn )+
1
n (n +1)
(Yn )◦
a
,
we haveFn ≤Dn +(1/n (n +1))(Xn)◦ by using Proposition 2.2.1, and hence
Fn ≤Qn +(1/n (n +1))(Xn)◦
becauseFn − (1/n (n +1))(Xn)◦ ∈ΣXn (Dn ;Q). Therefore, by (1) in Lemma 6.1.2,
ν ∗
n
(L )≤µ∗
n
(Fn )≤µ
∗
n
(Qn )+
1
n (n +1)
(Yn )◦.
In particular,
g (Y ,L ) ≤ g (Xn ,Qn )+
−2logv (̟)
n (n +1)
= g (X0,Q0)+ϕn +
−2logv (̟)
n (n +1)
.
Note that {ϕn}∞n=1 converges ϕ uniformly, so that we have g (Y ,L ) ≤ q .
In general, by Proposition 2.1.8, there are a sequence {Yl }∞l=1 of regular models of X
and a sequence {Ll }∞l=1 of relatively nef R-Cartier divisors such that Ll is defined on
Yl ,Ll ∩X = L, (Ll )a ≤ L and g L = liml→∞ g (Yl ,Ll ) uniformly. By the previous observa-
tion, g (Yl ,Ll ) ≤ q for all l , so that g L ≤ q
Let us see the additional assertions (1) and (2) in the theorem. The assertion (1) is
obvious by our construction. Let us consider (2). We assume that Q = D . If we set
θn := g (Xn , Dn )− g (Xn ,Qn ) and θ = g −q , then {θn}∞n=1 converges to θ uniformly because
θn = (g (Xn , Dn )− g )+ g − (g (X0,Q0)+ϕn ).
Thus, by Proposition-Definition 2.4.3,
lim
n→∞
ddegv (Qn ;θn ) =ddegv (Q;θ ).
On the other hand,ddegv (Qn ;θn ) = 0 by Lemma 6.1.3, so that the assertion (2) follows.

Finally we consider the maximal of two Green functions, which will be used in the
next subsection.
Proposition 6.1.5. Let D1 and D2 beR-Cartier divisors on X and let D3 :=max{D1,D2}.
For i = 1,2, let g i be a Di -Green function of C 0-type on X anv .
(1) max{g 1, g 2} is a D3-Green function of C 0-type on X anv .
(2) If g 1 and g 2 are of (C 0∩PSH)-type, thenmax{g 1, g 2} is also of (C 0 ∩PSH)-type.
Proof. (1) Let π : Xv →X be the canonical morphism. It is easy to see that
max{π∗(D1),π
∗(D2)}=π
∗(max{D1,D2}),
so that the assertion follows from Proposition 2.1.5.
(2) For each n ≥ 1, by Proposition 2.1.8, there are a regular modelX ′
n
of X and rela-
tively nefR-Cartier divisorsD ′1,n andD
′
2,n onX
′
n
such that
0≤ g 1− g (X ′n ,D′1,n ) ≤ 1/n and 0≤ g 2− g (X ′n ,D′2,n ) ≤ 1/n .
On the other hand, by Theorem 3.3.7, we can find a regular model X ′′
n
of X and an
R-Cartier divisors E ′′
n
onX ′′
n
such that E ′′
n
∩X =D3 and
max{g 1, g 2} ≤ g (X ′′n ,E ′′n ) ≤max{g 1, g 2}+1/n .
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We choose birational morphisms νn :Xn →X ′n and µn :Xn →X
′′
n
and we set
D1,n := ν ∗n (D
′
1,n ), D2,n := ν
∗
n
(D ′2,n ), D3,n :=max{D1,n ,D2,n } and En := µ
∗
n
(E ′′
n
).
AsD1,n ≤D3,n andD2,n ≤D3,n , we have
max{g (Xn ,D1,n ), g (Xn ,D2,n )} ≤ g (Xn ,D3,n ),
so that
max{g 1, g 2}−1/n =max{g 1−1/n , g 2−1/n}
≤max{g (Xn ,D1,n ), g (Xn ,D2,n )} ≤ g (Xn ,D3,n ).
Moreover,
g (Xn ,D1,n ) ≤ g 1 ≤max{g 1, g 2} ≤ g (Xn ,En )
and
g (Xn ,D2,n ) ≤ g 2 ≤max{g 1, g 2} ≤ g (Xn ,En ),
and hence, by Proposition 2.2.1,
D1,n ≤En and D2,n ≤En ,
so thatD3,n ≤En . Therefore,
max{g 1, g 2}−1/n ≤ g (Xn ,D3,n ) ≤max{g 1, g 2}+1/n .
Note thatD3,n is relatively nef by (2) in Lemma 6.1.2, and hence max{g 1, g 2} is of (C 0∩
PSH)-type. 
6.2. Proof of Zariski decompositions for adelic arithmetic divisors. In this subsec-
tion, we give the proof of Zariski decompositions for adelic arithmetic divisors. Let X
be a projective, smooth and geometrically integral curve over a number field K . Let us
begin with decompositions for global adelic divisors.
Theorem 6.2.1. Let D = (D,{g P}P∈MK ) be a global adelicR-Cartier divisor on X (cf. Def-
inition 4.1.1) and letQ be anR-Cartier divisor on X withQ ≤D. Here we set
Σ

D;Q

:=
¨
L = (L,{lP}P∈MK )
 L is a relatively nef global adelicR-Cartierdivisor on X such that L ≤Q and L ≤D
«
.
If deg(Q) ≥ 0, then there exists aQ-Green function qP of (PSH∩C 0)-type on X anP for each
P ∈MK such thatQ := (Q,{qP}P∈MK ) gives rise to the greatest element of Σ(D;Q), that is,
Q ∈ Σ(D;Q) and L ≤Q for all L ∈ Σ(D;Q). Moreover, if there are a non-empty Zariski
open setU of Spec(OK ), a regularmodelXU of X overU and anR-Cartier divisorDU on
XU such that g P is the Green function arising fromDU for all P ∈U ∩MK , then there is a
relatively nefR-Cartier divisorQU onXU such that qP is given byQU for all P ∈U ∩MK .
Proof. Let us choose a non-empty Zariski open setU of Spec(OK ), a regular modelXU
of X over U and an R-Cartier divisor DU on XU such that g P is given by DU for all
P ∈U ∩MK . Moreover, we set
U ′ = {P ∈U | XU →U is smooth over P andDU is horizontal over P} .
By Theorem 6.1.1, for each P ∈MK , we can find aQ-Green function qP of (C 0 ∩PSH)-
type on X anP such that (Q,qP ) yields the greatest element of¨
(L, lP )
 L is a nef R-Cartier divisor on X , lP is an L-Green functionof (C 0∩PSH)-type on X anP , L ≤Q and (L, lP )≤ (D, g P )

.
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For each P ∈U , we set (XU )(P) := XU ×U Spec((OK )P ). Then, by Theorem 6.1.1 again,
qP is obtain by a relatively nef R-Cartier divisor Q(P) on (XU )(P). Note that if P ∈ U ′,
thenQ(P) is actually given by the Zariski closure ofQ in (XU )(P). Therefore, we can find
a relatively nef R-Cartier divisor QU on XU such that QU ∩ (XU )(P) = Q(P). Therefore,
Q := (Q,{qP}P∈MK ) forms a global adelic R-Cartier divisor on X . By our construction, it
is obvious thatQ is the greatest element of Σ

D;Q

. Further, the second assertion of
the theorem is also obvious by our construction. 
As a corollary, we have the relative version of Corollary 6.2.7.
Corollary 6.2.2. Let D = (D, g ) be an adelic arithmetic R-Cartier divisor of C 0-type on
X . Let Υr e l (D) be the set of all relatively nef adelic arithmetic R-Cartier divisors L of
C 0-type on X with L ≤ D. If deg(D) ≥ 0, then there is the greatest element Q = (Q,q )
of Υr e l (D), that is, Q ∈ Υr e l (D) and L ≤ Q for all L ∈ Υr e l (D). Moreover, we have the
following properties:
(1) D −Q is vertical, that is, D =Q.
(2) For every a ∈ R>0, the natural homomorphism Hˆ 0(X ,aQ
τ
)→ Hˆ 0(X ,aD
τ
) is bi-
jective. Further, ‖φ‖aq∞ = ‖φ‖a g∞ for all φ ∈H
0(X (C),aD). In particular,
χˆ(X ,aQ ) = χˆ(X ,aD ) and Óvolχ (Q) =Óvolχ (D).
(3) Q is perpendicular to D −Q, that is,ddeg(Q ·D −Q) = 0.
Proof. Applying Theorem 6.2.1 to the caseQ =D , we have the greatest element
D,
∑
P∈MK
qP [P]

of Σ

D
τ
;D

. Moreover, by using [26, Theorem 4.6], there is a D-Green function q∞ of
(C 0∩PSH)-type on X (C) such that q∞ yields the greatest element of¦
h∞ | h∞ is a D-Green function of (C
0 ∩PSH)-type on X (C) and h∞ ≤ g∞
©
.
Thus

D,
∑
P∈MK
qP [P]+q∞[∞]

is our desired adelic arithmeticR-Cartier divisor.
The property (1) is obvious. For (2), we supposeφ ∈ Hˆ 0(X ,aD
τ
), that is,
−(1/a )(φ)a ≤D
τ
by Proposition 4.3.1. Note that −(1/a )(φ)a is relatively nef, so that −(1/a )(φ)a ≤ Q
τ
.
Therefore, φ ∈ Hˆ 0(X ,aQ
τ
) by Proposition 4.3.1. The assertion ‖ · ‖aq∞ = ‖ · ‖a g∞ on
H 0(X (C),aD) follows from [28, Lemma 1.3]. Further, (3) is a consequence of (2) in The-
orem 6.1.1 and [28, Lemma 1.3]. 
The following theorem is one of the main results of this article.
Theorem6.2.3. Let D be an adelic arithmeticR-Cartier divisor of C 0-type on X . Let R be
an R-Cartier divisor on X with R ≤D. Let Υ(D;R) be the set of all nef adelic arithmetic
R-Cartier divisors L = (L, l ) of C 0-type on X with L ≤ R and L ≤ D. If Υ(D;R) 6= ;,
then there is the greatest element Q of Υ(D;R), that is, Q ∈ Υ(D;R) and L ≤ Q for all
L ∈Υ(D;R).
First let us consider two lemmas.
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Lemma 6.2.4. Let M andQ be adelic arithmeticR-Cartier divisors of C 0-type on X and
let {Ln}∞n=1 be a sequence of adelic arithmeticR-Cartier divisors of C
0-type on X with the
following properties:
(1) Ln is nef for all n ≥ 1.
(2) M ≤ Ln ≤Q for all n ≥ 1.
(3) For all closed closed points x of X , limn→∞multx (Ln ) =multx (Q).
Thenddeg(Q |x )≥ 0 for all closed points x ∈ X.
Proof. We set M = (M ,m ), Q = (Q,q ) and Ln = (Ln , gn ). First we assume that there
are a regular modelX of X over Spec(OK ) and an R-Cartier divisorQ onX such that
Q = (Q,q∞)a. Let us see the following claim:
Claim 6.2.4.1. (i) For all n ≥ 1, there is an R-Cartier divisor Ln on X such that
Ln ∩X = Ln , (Ln , (gn )∞)a is nef and Ln ≤ (Ln , (gn )∞)a ≤ (Q,q∞)a.
(ii) There is anR-Cartier divisorM onX such thatM∩X =M and (M ,m∞)a ≤M.
Proof. (i) For each n ≥ 1, we consider the following set:¦
D =
 
D,{g P}P∈MK
  D is relatively nef,D ≤ Ln andD ≤Qa© .
Then, by using Theorem 6.2.1, there is a relatively nef R-Cartier divisorLn onX such
that (Ln )a gives rise to the greatest element of the above set. As L
τ
n
belongs to the above
set, we can see that Ln ≤ (Ln , (gn )∞)a. Moreover, as Ln =Ln ∩X , we have (Ln , (gn )∞)a
is nef by Lemma 4.2.3, so that (i) follows.
(ii) There are anR-Cartier divisorM ′ onX and a non-empty open setU of Spec(OK )
such thatmP is defined byM ′ for all P ∈U ∩MK . For each P ∈MK \U , letm ′P be the
M -Green function arising fromM ′. AsmP −m ′P is a continuous function on XP , there
is a constant θP such that mP ≥ m ′P + θP for all P ∈ MK \U . Let FP be the fiber of
X → Spec(OK ) over P. If we set
M =

M ′+
∑
P∈MK \U
θP
2log#(OK /P)
FP ,m∞

,
thenM ≥M
a
, as required. 
By the above claim, (M ,m∞) ≤ (Ln , (gn )∞) ≤ (Q,q∞) andLn ∩X = Ln for all n ≥ 1.
Thus limn→∞multC (Ln ) exists for all prime divisors C onX except finitely many fiber
components, so that if we choose a subsequence {(Ln i , (gn i )∞)}
∞
i=1 of {(Ln , (gn )∞)}
∞
n=1,
then limi→∞multC (Ln i ) exists for all prime divisors C on X . Therefore, by using [26,
Theorem 7.1], there are an R-Cartier divisor L on X and a Q-Green function g∞ of
PSHR-type on X (C) with the following properties:
(a) multC (L ) = limi→∞multC (Ln i ) for all prime divisorsC onX . In particular,L ∩
X =Q.
(b) ddeg( (L , g∞)C )≥ limsupi→∞ddeg( (Ln i , (gn i )∞)C ) for all prime divisorsC onX .
(c) (L , g∞)≤ (Q,q∞).
Let x be a closed point of X and∆x the closure of x inX . Then, asL ∩X =Q∩X and
(L , g∞)≤ (Q,q∞),ddeg(Q |x ) =ddeg((Q,q∞)|∆x )≥ddeg((L , g∞)|∆x )
≥ limsup
i→∞
ddeg((Ln i , (gn i )∞)|∆x )≥ 0.
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In general, let U be a non-empty open set of Spec(OK ) such that Q has a defining
model overU . For a positive number ε, by Theorem 4.1.3, there are a regularmodelXε
over Spec(OK ) and anR-Cartier divisorQε onXε such that
Q ≤ (Qε,q∞)
a ≤Q +

0,
∑
P∈MK \U
ε[P]

.
Then, by the previous observation,ddeg( (Qε,q∞)ax )≥ 0, so that, by Lemma 4.2.3,
ddegQ +0,∑
P∈MK \U
ε[P]

x

≥ 0,
and hence ddeg(Q |x )≥−ε[K (x ) : K ]#(MK \U ),
where K (x ) is the residue field at x . Thus the assertion follows. 
Lemma 6.2.5. (1) Let
L1 = (L1,{(l1)P}P∈MK ) and L2 = (L2,{(l2)P}P∈MK )
be global adelicR-Cartier divisors of C 0-type on X . If L1 and L2 are relatively nef,
then
max{L1,L2} :=

max{L1,L2},

max{(l1)P , (l2)P}
	
P∈MK

is also relatively nef.
(2) Let Q1 = (Q1,q1) andQ2 = (Q2,q2) be adelic arithmetic R-Cartier divisors of C 0-
type on X . IfQ1 andQ2 are nef, then
max{Q1,Q2} :=

max{Q1,Q2},

max{(q1)P , (q2)P}
	
P∈MK
∪

max{(q1)∞, (q2)∞}
	
is also nef.
Proof. (1) We set L1 = a 11x1 + · · ·+ a 1rxr and L2 = a 21x1 + · · ·+ a 2rxr , where x1, . . . ,xr
are closed points on X and a 11, . . . ,a 1r ,a 21, . . . ,a 2r ∈ R. Let us choose an non-empty
Zariski open setU of Spec(OK ), a regular modelXU overU and nef R-Cartier divisors
L1 andL2 onXU such that l1 and l2 are given byL1 andL2 overU , respectively. For
i = 1, . . . ,r , let C i be the Zariski closure of x i inXU . ShrinkingU if necessarily, we may
assume the following:
(a) L1 = a 11C1+ · · ·+a 1rC r andL2 = a 21C1+ · · ·+a 2rC r .
(b) C i ∩C j = ; for all i 6= j .
Then, by the properties (a) and (b), for P ∈U , it is easy to see that max{(l1)P , (l2)P} is
given by g ((XU )(P),max{L1,L2}(P)), where (XU )(P) is the localization ofXU →U at P. Note that
max{L1,L2} is relatively nef by (2) in Lemma 6.1.2. Moreover, for P ∈MK \U , by (2) in
Proposition 6.1.5, max{(l1)P , (l2)P} is of (C 0∩PSH)-type. Thus the assertion follows.
(2) By [26, Lemma 9.1.1], max{(q1)∞, (q2)∞} is of (C 0∩PSH)-type, so that, by virtue of
(1), it is sufficient to show thatddeg(max{Q1,Q2}|x )≥ 0 for all closed points x of X . As
SuppR(max{Q1,Q2}−Q1)∩SuppR(max{Q1,Q2}−Q2) = ;,
we may assume that x 6∈ SuppR(max{Q1,Q2}−Q1). If we set
Q :=max{Q1,Q2}−Q1,
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thenQ is effective and x 6∈ SuppR(Q), so thatddeg(Q |x )≥ 0. Therefore,ddeg(max{Q1,Q2}|x ) =ddeg(Q1|x )+ddeg(Q |x )≥ 0,
as required. 
Proof of Theorem 6.2.3. Let us start the proof of Theorem 6.2.3. We choose
M = (M ,m )∈Υ(D;R).
Let Υ([M ,D];R) be the set of all nef adelic arithmetic R-Cartier divisors L = (L, l ) of
C 0-type on X with L ≤ R andM ≤ L ≤D. For each closed point x ∈ X , we set
a x = sup
¦
multx (L) | (L, l ) ∈Υ([M ,D];R)
©
.
Note that, if x 6∈ SuppR(D)∪SuppR(M ), thenmultx (L) = 0 for all L = (L, l ) ∈Υ([M ,D];R).
In particular, a x = 0, so that we setQ =
∑
x
a xx , which is anR-Cartier divisor on X with
Q ≤R . By using Theorem 6.2.1, let (Q,{qP}P∈MK ) be the greatest element of
A :=
¨
L = (L,{lP}P∈MK )
 L is a relatively nef global adelicR-Cartierdivisor on X such that L ≤Q and L ≤Dτ
«
.
Note that (Q,{qP}P∈MK ) ≥M
τ
because M
τ
∈ A. Moreover, by [26, Theorem 4.6], there
is aQ-Green function q∞ of (C 0 ∩ PSH)-type on X (C) such that q∞ yields the greatest
element of
B :=
¨
h∞
 h∞ is aQ-Green function of (C 0 ∩PSH)-typeon X (C) and h∞ ≤ g∞

.
As max{m∞,q∞} is an element of B (cf. [26, Lemma 9.1.1]), we havem∞ ≤ q∞. Here we
set
Q := (Q,{qP}P∈MK ∪ {q∞}).
ClearlyM ≤Q ≤D andQ ≤R .
Claim 6.2.6. There is a sequence
¦
Ln = (Ln , ln )
©∞
n=1
in Υ([M ,D];R) such that
a x = lim
n→∞
multx (Ln )
for all closed points x ∈ X.
Proof. Let {x1, . . . ,xN } := SuppR(D) ∪ SuppR(M ). For each i = 1, . . . ,N , we can find a
sequence
¦
Li ,n = (L i ,n , l i ,n )
©∞
n=1
inΥ([M ,D];R) such that
a x i = lim
n→∞
multx i (L i ,n ).
We set Ln =max{L1,n , . . . ,LN ,n} forn ≥ 1. Then, by (2) in Lemma6.2.5, Ln ∈Υ([M ,D];R),
and hence
a x i = lim
n→∞
multx i (Ln )
for i = 1, . . . ,N . If x 6∈ {x1, . . . ,xN }, then a x = 0 andmultx (Ln ) = 0 for all n . Thus we have
the claim. 
As max{q∞, (ln )∞} ∈ B by [26, Lemma 9.1.1], we have (ln )∞ ≤ q∞. Moreover, L
τ
n
≤Q
τ
because L
τ
n
∈ A. Therefore, Ln ≤ Q , so that, by Lemma 6.2.4, Q is nef. In particular,
Q ∈ Υ(D;R). We need to check thatQ is the greatest element of Υ(D;R). Indeed, let
L = (L, l ) ∈ Υ(D;R). Then L
τ
∈ A and l∞ ∈ B , and hence L
τ
≤ Q
τ
and l∞ ≤ q∞, as
required. 
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Corollary 6.2.7 (Zariski decomposition for adelic arithmetic divisors). Let D be an
adelic arithmetic R-Cartier divisor of C 0-type on X . Let Υ(D) be the set of all nef adelic
arithmetic R-Cartier divisors L of C 0-type on X with L ≤ D. If Υ(D) 6= ;, then there is
the greatest element Q of Υ(D), that is, Q ∈ Υ(D) and L ≤ Q for all L ∈ Υ(D). More-
over, the natural map Hˆ 0(X ,aQ ) → Hˆ 0(X ,aD ) is bijective for a ∈ R>0. In particular,Óvol(Q) =Óvol(D).
Proof. Applying Theorem 6.2.3 to the case where R = D , we have the first assertion.
Let us see the second assertion. Let φ ∈ Hˆ 0(X ,aD), that is, aD +d(φ) ≥ 0 by Proposi-
tion 4.3.1, so that D ≥ (1/a )×(φ−1). Note that (1/a )×(φ−1) is nef, and hence (1/a )×(φ−1) ∈
Υ(D). Therefore,Q ≥ (1/a )×(φ−1), that is, aQ +d(φ)≥ 0, which means thatφ ∈ Hˆ 0(X ,aQ )
by Proposition 4.3.1. 
Remark 6.2.8. There are several conditions to guarantee Υ(D) 6= ;. For example, if
Hˆ 0(X ,aD ) 6= {0} for some a ∈R>0, then Υ(D) 6= ;. Indeed, Hˆ 0(X ,aD ) 6= {0} implies that
aD +d(φ)≥ 0 for some φ ∈ Rat(X )×, so that (1/a )×(φ−1)≤D . Note that (1/a )×(φ−1) is nef,
and hence (1/a )×(φ−1) ∈ Υ(D). In particular, if D is big, then Υ(D) 6= ;. As a conjecture,
we expect that ifD is pseudo-effective, thenΥ(D) 6= ;.
7. CHARACTERIZATION OF NEF ADELIC ARITHMETIC DIVISORS ON ARITHMETIC SURFACES
In this section, we consider a generalization of the numerical characterization of
nef arithmetic divisors proved in [28] to adelic arithmetic divisors. Namely, we will
prove that an integrable adelic arithmetic R-Cartier divisor D of C 0-type on a projec-
tive smooth curve over a number field is nef if and only if D is pseudo-effective andddeg(D2) =Óvol(D). Throughout this section, let X be a projective, smooth and geomet-
rically integral variety over a number field K .
7.1. Hodge index theorem for adelic arithmetic divisors. We assume that dimX = 1.
Let us start with a refinement of the generalizedHodge index theoremon an arithmetic
surface.
Theorem 7.1.1. Let D = (D, g ) be an integrable adelic arithmetic R-Cartier divisor of
C 0-type on X . If deg(D)≥ 0, then deg(D
2
)≤Óvolχ (D). Moreover, the equality holds if and
only if D is relatively nef.
Proof. LetΥr e l (D) be the set of all relatively nef adelic arithmeticR-Cartier divisors L of
C 0-type on X with L ≤D (cf. Corollary 6.2.2). Then, by Corollary 6.2.2, Υr e l (D) has the
greatest elementQ = (Q,q ), that is,Q ∈ Υr e l (D) and L ≤Q for all L ∈ Υr e l (D). Further,
we have the following:
(1) Óvolχ (Q) =Óvolχ (D).
(2) If we set N :=D −Q , then N = (0,φ) andddeg(Q ·N ) = 0, where φ = {φP}P∈MK ∪
{φ∞} is a collection of integrable continuous functions.
By Theorem 5.3.2, ddeg(Q2) =Óvolχ (Q) =Óvolχ (D).
Note that ddeg(N 2) = ∑
P∈MK
log#(OK /P)ddegP((0,φP );φP )+ 12
∫
X (C)
φ∞dd
c (φ∞),
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so that, by Lemma 2.4.11 and [27, Proposition 1.2.3], we haveddeg(D2) =ddeg(Q2)+ddeg(N 2)≤ddeg(Q2).
Thus thefirst assertion follows. In addition, byusing the equality conditions in Lemma2.4.11
and [27, Proposition 1.2.3],ddeg(D2) =Óvolχ (D) ⇐⇒ deg(N 2) = 0
⇐⇒ φP (∀P ∈MK ) andφ∞ are constant functions
⇐⇒ D is relatively nef,
as required. 
As a consequence of the above theorem,we have theHodge index theorem for adelic
arithmetic divisors.
Corollary 7.1.2. Let D = (D, g ) be an integrable adelic arithmetic R-Cartier divisor of
C 0-type on X . If deg(D) = 0, then deg(D
2
)≤ 0. Moreover, the equality holds if and only if
D =d(ψ)R+(0,λ[∞]) for someψ ∈Rat(X )×R and λ∈R.
Proof. By Theorem 7.1.1, deg(D
2
) ≤ Óvolχ (D) ≤ Óvol(D), so that it is sufficient to show
thatÓvol(D) = 0 for the first assertion. Indeed, ifÓvol(D) > 0, then, by the continuity of
the volume function (cf. Theorem 5.2.1), Óvol(D − (1/n )A a) > 0 for a sufficiently large
n , where A is an ample arithmetic Cartier divisor on some regular model of X . In
particular, deg(D)≥ (1/n )deg(A ∩X )> 0, which is a contradiction.
Next we consider the equality condition. Clearly if D = d(ψ)R + (0,λ[∞]) for some
ψ ∈Rat(X )×R and λ ∈R, thenddeg(D2) = 0, so that we assume that deg(D2) = 0. LetX be
a regular model of X over Spec(OK ).
Claim 7.1.2.1. There is anR-Cartier divisorD onX such thatD∩X =D and (D ·C ) = 0
for any vertical curves C onX .
Proof. LetU be a non-empty Zariski open set of Spec(OK ) such that X → Spec(OK ) is
smooth overU . Let D0 be the Zariski closure of D inX . Then the degree of D0 along
every smooth fiber ofX → Spec(OK ) is zero. Moreover, using Zariski’s lemma, for each
P ∈MK \U , there is a vertical R-Cartier divisor ZP in the fiber FP over P such that the
degree of D0+ZP along every irreducible component of FP is zero. Therefore, if we set
D =D0+
∑
P∈MK \U
ZP , we have our desiredR-Cartier divisor. 
We set D
′
:= (D, g∞)a, φP := g P − g (X(P), D(P)) and φ :=
∑
P∈MK
φP[P], where X(P) is
the localization of X → Spec(OK ) at P and D(P) is the restriction of D to X(P). Then
D =D
′
+(0,φ). Note thatddeg(D ′ · (0,φ)) = 0 because (D ·C ) = 0 for any vertical curveC
inX , so that
0=ddeg(D2) =ddeg(D ′2)+ddeg((0,φ)2).
Therefore, ddeg(D ′2) =ddeg((0,φ)2) = 0
becauseddeg(D ′2)≤ 0 andddeg((0,φ)2)≤ 0 by the first assertion. Asddeg(D ′2) =ddeg((D, g∞)2) = 0,
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by virtue of [28, Lemma 4.1],
D
′
=Ô(ψ′)R+(0,η′[∞])
for someψ′ ∈Rat(X )×R and an F∞-invariant locally constant function η
′ on X (C). More-
over, by using the factddeg((0,φ)2) = 0 together with Lemma 2.4.11,φP is a constant for
all P ∈MK . Note thatφP = 0 expect finitelymanyP ∈MK . In addition, for each P ∈MK ,
there is fP ∈ K ×⊗ZR such that ( fP ) = P on Spec(OK ). Therefore,
D =Õ(ψ′′)R+(0,η′′[∞])
for someψ′′ ∈Rat(X )×R and an F∞-invariant locally constant function η
′′ on X (C). Thus,
by usingDirichlet’s unit theorem,we have the second assertion of the corollary (cf. [28,
Proof of Lemma 4.1]). 
7.2. Arithmetic asymptoticmultiplicity. LetK be eitherQ orR. Let
Rat(X )×K :=Rat(X )
×⊗ZK,
and let
( )K : Rat(X )
×
K→Div(X )K and
b( )K : Rat(X )×K→dDivaC 0(X )R
be the natural extensions of the homomorphisms
Rat(X )×→Div(X ) and Rat(X )×→dDiva
C 0
(X )R
given by φ 7→ (φ) and φ 7→d(φ), respectively. Let D be an adelic arithmetic R-Cartier
divisor of C 0-type. We define bΓ×K(X ,D) to bebΓ×K(X ,D) := nφ ∈Rat(X )×K |D +d(φ)K ≥ (0,0)o .
For ξ∈ X , theK-asymptotic multiplicity of D at ξ is defined to be
µK,ξ(D) :=
(
inf
¦
multξ(D +(φ)K) |φ ∈ bΓ×K(X ,D)© if bΓ×K(X ,D) 6= ;,
∞ otherwise.
Proposition 7.2.1. Let D and E be adelic arithmeticR-Cartier divisors of C 0-type on X .
Then we have the following:
(1) µK,ξ(D + E )≤µK,ξ(D)+µK,ξ(E ).
(2) If D ≤ E , then µK,ξ(E )≤µK,ξ(D)+multξ(E −D).
(3) µK,ξ(D +d(φ)K) =µK,ξ(D) forφ ∈Rat(X )×K.
(4) µK,ξ(aD) = aµK,ξ(D) for a ∈K≥0.
(5) 0≤µR,ξ(D)≤µQ,ξ(D).
(6) If D is big, then µR,ξ(D) =µQ,ξ(D).
(7) If D is nef and big, then µK,ξ(D) = 0.
Proof. (1), (2), (3), (4) and (5) can be proved in the same way as [25, Proposition 2.1].
For the proofs for (6) and (7), let us begin with the following claim:
Claim 7.2.1.1. Let D1, . . . ,D r be adelic arithmetic R-Cartier divisors of C 0-type on X . If
D is big, then
lim
(x1,...,xr )→(0,...,0)
(x1,...,xr )∈Qr
µQ,ξ(D +x1D1+ · · ·+xrDr ) =µQ,ξ(D).
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Proof. Here we define f : Qr → R∪ {∞} to be f (x ) := µQ,ξ(Dx ) for x = (x1, . . . ,xr ) ∈ Qr ,
where
Dx =D +x1D1+ · · ·+xrDr .
Note that f is a convex function overQ, that is,
f (t x +(1− t )y )≤ t f (x )+ (1− t ) f (y )
for all x ,y ∈Qr and t ∈ [0,1]∩Q. Indeed, by using (1) and (4),
f (t x +(1− t )y ) =µQ,ξ(t Dx +(1− t )Dy )≤ µQ,ξ(t Dx )+µQ,ξ((1− t )Dy )
= t f (x )+ (1− t ) f (y ).
Moreover, by virtue of the continuity of the volume function, there is a positive ratio-
nal number c such that Dx is big for all x ∈ (−c ,∞)r ∩Qr . Therefore, by [24, Proposi-
tion 1.3.1], there is a continuous function f˜ : (−c ,∞)r →R such that f˜ = f on (−c ,∞)r ∩
Qr . Thus the assertion follows. 
(6) Letφ ∈ bΓ×R(X ,D), that is,φ =φa 11 · · ·φa rr andD +a 1Ô(φ1)+ · · ·+a rÔ(φr )≥ 0 for some
φ1, . . . ,φr ∈ Rat(X )× and a 1, . . . ,a r ∈ R. By using [26, Lemma 5.2.3 and Lemma 5.2.4],
for each i , we can find effective adelic arithmetic R-Cartier divisors A i and B i of C 0-
type on X such thatÔ(φi ) = A i − B i . For n ∈ Z>0, we choose x i ,n ∈ R and x ′i ,n ∈ Q such
that a i +x i ,n ∈Q and 0≤ x i ,n ≤ x ′i ,n ≤ 1/n . Then
D +
∑
i
x ′
i ,nB i +
∑
i
(a i +x i ,n )Ô(φi )≥D +∑
i
x i ,nB i +
∑
i
(a i +x i ,n )Ô(φi )
=D +
∑
i
a iÔ(φi )+∑
i
x i ,nA i ≥ 0,
and hence
µQ,ξ

D +
∑
i
x ′
i ,nB i

≤multξ

D +
∑
i
x ′
i ,nBi +
∑
i
(a i +x i ,n )(φi )

.
On the other hand, by using Claim 7.2.1.1,
lim
n→∞
µQ,ξ
 
D +
∑
i
x ′
i ,nB i
!
=µQ,ξ(D)
and
lim
n→∞
multξ

D +
∑
i
x ′
i ,nBi +
∑
i
(a i +x i ,n )(φi )

=multξ

D +
∑
i
a i (φi )

.
Thus
µQ,ξ(D)≤multξ

D +
∑
i
a i (φi )

,
which yields µQ,ξ(D)≤µR,ξ(D), so that (6) follows from (5).
(7) By (5), it is sufficient to see that µQ,ξ(D) = 0. We set
D = (D,{g P}P∈MK ∪ {g∞}).
LetU be a non-empty open set Spec(OK ) such thatD has a definingmodel overU . For
each n ∈Z>0, by Proposition 4.4.2, there is a normal modelX of X and a relatively nef
R-Cartier divisorD onX such thatD ∩X =D and
(D, g∞)
a− (1/n )

0,
∑
P∈MK \U
[P]

≤D ≤ (D, g∞)
a.
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Note that (D, g∞) is nef and big, so that, by (2) and [25, Proposition 2.1, (6)],
0≤µQ,ξ

D +(1/n )

0,
∑
P∈MK \U
[P]

≤µQ,ξ((D, g∞)) = 0,
and hence µQ,ξ

D +(1/n )

0,
∑
P∈MK \U
[P]

= 0. Further, by Claim 7.2.1.1,
µQ,ξ(D) = lim
n→∞
µQ,ξ

D +(1/n )

0,
∑
P∈MK \U
[P]

,
so that (7) follows. 
7.3. Necessary condition for the equalityÓvol=Óvolχ . Let K be an algebraic closure of
K and XK := X ×Spec(K ) Spec(K ).
We fix a monomial order ­ on Zd≥0, that is, ­ is a total ordering relation on Z
d
≥0 with
the following properties:
(a) (0, . . . ,0)­ A for all A ∈Zd≥0.
(b) If A ­ B for A,B ∈Zd≥0, then A +C ­ B +C for all C ∈Z
d
≥0.
The monomial order ­ on Zd≥0 extends uniquely to a totally ordering relation ­ on Z
d
such that A +C ­ B +C holds for all A,B ,C ∈Zd with A ­ B .
Let zP = (z 1, . . . ,z d ) be a local system of parameters of OXK ,P at P ∈ X (K ). Note that
the completion bOXK ,P of OXK ,P with respect to the maximal ideal of OXK ,P is naturally
isomorphic to K [[z 1, . . . ,z d ]]. Thus, for f ∈ OXK ,P , we can put
f =
∑
(a 1,...,ad )∈Z
d
≥0
c (a 1,...,ad )z
a 1
1 · · ·z
ad
d , (c (a 1,...,ad ) ∈ K ).
We define ord­
zP
( f ) to be
ord­
zP
( f ) :=
min­

(a 1, . . . ,ad ) | c (a 1,...,ad ) 6= 0
	
if f 6= 0,
∞ otherwise,
which gives rise to a rank d valuation, that is, the following properties are satisfied:
(i) ord­
zP
( f g ) = ord­
zP
( f )+ord­
zP
(g ) for f , g ∈ OXK ,P .
(ii) min
¦
ord­
zP
( f ),ord­
zP
(g )
©
­ ord­
zP
( f + g ) for f , g ∈ OXK ,P .
By the property (i), ord­
zP
: OXK ,P \ {0}→Z
d
≥0 has the natural extension
ord­
zP
: Rat(XK )
×→Zd
given by ord­
zP
( f /g ) = ord­
zP
( f )− ord­
zP
(g ). Note that this extension also satisfies the
same properties (i) and (ii) as before. Since ord­
zP
(u ) = (0, . . . ,0) for all u ∈ O ×XK ,P , ord
­
zP
induces Rat(XK )×/O
×
XK ,P
→Zd . The composition of homomorphisms
Div(XK )
αP
−→ Rat×(XK )/O
×
XK ,P
ord­zP
−→ Zd
is denoted by mult­
zP
, where αP : Div(XK ) → Rat(XK )×/O
×
XK ,P
is the natural homomor-
phism. Moreover, the homomorphism mult­
zP
: Div(XK )→ Zd gives rise to the natural
extension Div(XK )⊗ZR→Rd over R. By abuse of notation, the above extension is also
denoted bymult­
zP
.
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Let D = (D, g ) be an adelic arithmetic R-Cartier divisor of C 0-type on X . Let V• =⊕
m≥0Vm be a graded subalgebra of R(D) :=
⊕
m≥0H
0(X ,mD) over K . The Okounkov
body∆(V•) of V• is defined by the closed convex hull of⋃
m>0
¦
mult­
zP
(DK +(1/m )(φ))∈R
d
≥0 |φ ∈ (Vm ⊗K K ) \ {0}
©
.
For t ∈R, let V t
•
be a graded subalgebra of V• given by
V t
•
:=
⊕
m≥0
¬
Vm ∩ Hˆ
0(X ,m (D +(0,−2t [∞])))
¶
K
,
where
¬
Vm ∩ Hˆ 0(X ,m (D+(0,−2t [∞])))
¶
K
means the subspace of Vm generated by
Vm ∩ Hˆ
0(X ,m (D+(0,−2t [∞])))
over K . We defineG (D;V•) :∆(V•)→R∪ {−∞} to be
G (D ;V•)(x ) :=
(
sup
¦
t ∈R | x ∈∆(V t
•
)
©
if x ∈∆(V t
•
) for some t ,
−∞ otherwise.
Note thatG (D;V•) is an upper semicontinuous concave function (cf. [5, SubSection 1.3]).
We also defineÓvol(D;V•) andÓvolχ (D ;V•) to be
Óvol(D;V•) := limsup
m→∞
#log

Vm ∩ Hˆ 0(X ,mD)

m d+1/(d +1)!
,
Óvolχ (D;V•) := limsup
m→∞
χˆ
 
Vm ∩H 0(X ,mD),‖ · ‖mD

m d+1/(d +1)!
.
LetΘ(D;V•) be the closure of ¦
x ∈∆(V•) |G (D ;V•)(x )> 0
©
.
We assume that V• contains an ample series, that is, Vm 6= {0} form ≫ 1 and there is an
ampleQ-Cartier divisor A on X with the following properties:(
• A ≤D .
• There is a positive integerm0 such thatH 0(X ,mm0A)⊆Vmm0 for allm ≥ 1.
Then, in the similar way as [5, Theorem 2.8], [5, Theorem 3.1] and [28, Section 3], we
have the following integral formulae:
(7.3.1) Óvol(D;V•) = (d +1)![K :Q]∫
Θ(D;V•)
G (D ;V•)(x )dx
and
(7.3.2) Óvolχ (D;V•) = (d +1)![K :Q]∫
∆(V•)
G (D;V•)(x )dx .
Therefore, in the sameway as [28, Section 3], we have the following theorem (cf. [28,
Theorem 3.4 and Corollary 3.5]).
Theorem 7.3.3. We assume that D is nef and big and Óvol(D) = Óvolχ (D) > 0. Then
µQ,ξ(D) = 0 for all ξ∈ X.
Besides it, the following theorem is also obtained:
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Theorem 7.3.4. Let Q = (Q,q ) be a nef adelic arithmetic R-Cartier divisor of C 0-type
on X . We assume that D is big, Q ≤ D and Óvol(Q) =Óvol(D). If we set N = D −Q, then
µQ,ξ(D) =multξ(N ) for all ξ∈ X.
Proof. By using (2) and (7) in Proposition 7.2.1, we have
µQ,ξ(D)≤µQ,ξ(Q)+multξ(N ) =multξ(N ).
Let us consider the converse inequality. Let B be the Zariski closure of {ξ} and P a
regular closed point of B . Let zP = (z 1, . . . ,z d ) be a local system of parameters of OX ,P
such that B is given by z 1 = · · · = z r = 0. We choose a monomial order ­ of Zd≥0 such
that ℓ(a ) ≤ ℓ(b ) for all a ,b ∈ Zd≥0 with a ­ b , where ℓ(x1, . . . ,xd ) = x1 + · · ·+ xr . We set
ν :=mult­
zP
(N ). For simplicity, in the case V• =R(D), we denote∆(V•),∆(V t• ),G (D;V•) and
Θ(D;V•) by∆D ,∆tD ,GD and ΘD , respectively. Let us see the following claim:
Claim 7.3.4.1. (1) ∆tQ +ν ⊆∆
t
D for t ∈R.
(2) GQ (x )≤GD (x +ν) for x ∈∆Q .
(3) ΘQ +ν ⊆ΘD .
(4) min{ℓ(x ) | x ∈ΘD} ≤ µQ,ξ(D).
Proof. (1) Letφ ∈
¬
Hˆ 0(X ,m (Q +(0,−2t [∞])))
¶
K
\ {0}. Then
mult­
zP
(Q +(1/m )(φ))+ν =mult­
zP
(D +(1/m )(φ)),
which shows (1).
(2) Let t be a real number with t <GQ (x ). Then x ∈ ∆
t
Q ⊆ ∆
t
D − ν by (1), and hence
x +ν ∈∆tD . Thus t ≤GD (x +ν), as required.
(3) follows becauseGQ (x )> 0 impliesGD (x +ν)> 0 by (2).
(4) Letφ ∈ Hˆ 0(X ,mD) \ {0}. Note that mult­
zP
(D +(1/m )(φ))∈ΘD and
ℓ(mult­
zP
(D +(1/m )(φ))) =multξ(D +(1/m )(φ)).
Thus min{ℓ(x ) | x ∈ΘD} ≤multξ(D +(1/m )(φ)). Therefore, we have (4). 
SinceÓvol(Q) =Óvol(D), by using the integral formula (7.3.1) together with (2) and (3)
in the above claim, we can see that ΘQ + ν = ΘD . We choose x0 ∈ ΘD such that ℓ(x0) =
min{ℓ(x ) | x ∈ ΘD}. Then there is y0 ∈ ΘQ such that y0 + ν = x0. As ℓ(y0) ≥ 0 and
ℓ(ν) =multξ(N ), by using (4) in the above claim,
µQ,ξ(D)≥min{ℓ(x ) | x ∈ΘD}= ℓ(x0) = ℓ(y0)+ ℓ(ν)≥ ℓ(ν) =multξ(N ),
as required. 
Remark 7.3.5. By virtue of Theorem 7.3.4, we can generalize the necessary and suffi-
cient condition for the existenceof Zariski decompositionson arithmetic toric varieties
proved in [4, Theorem 8.2] to the case of adelic arithmeticR-divisors.
7.4. Numerical characterization. We assume that dimX = 1. The following theorem
is the main result of this section.
Theorem 7.4.1. Let D be an integrable adelic arithmetic R-Cartier divisor on X . Then
D is nef if and only if D is pseudo-effective andddeg(D2) =Óvol(D).
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Proof. We need to show that if D is pseudo-effective and ddeg(D2) =Óvol(D), then D is
nef because the converse follows from Proposition 4.4.2 and Theorem 7.1.1.
First we assume thatD is big. Since
deg(D
2
)≤Óvolχ (D)≤Óvol(D)
by Theorem 7.1.1, we have deg(D
2
) = Óvolχ (D) and Óvolχ (D) = Óvol(D). Thus, by Theo-
rem 7.1.1 and Theorem 7.3.3, D is relatively nef and µQ,ξ(D) = 0 for all ξ ∈ X . On the
other hand, by Corollary 6.2.7, there is the greatest elementQ of Υ(D). Thus, if we set
N := D −Q , then multξ(N ) = µQ,ξ(D) = 0 for all ξ ∈ X by Theorem 7.3.4, which means
thatN = 0. Thereforeddeg(D |x )≥ 0 for all closed point x ∈ X , and henceD is nef.
Next we suppose that deg(D)> 0 andD is not big. In this case,ddeg(D2) =Óvol(D) = 0.
Thus, for ε> 0, by using Proposition 5.1.2,
ε[K :Q]deg(D) =ddeg((D+(0,ε[∞]))2)≤Óvol(D +(0,ε[∞]))≤ ε[K :Q]deg(D).
Therefore,ddeg((D + (0,ε[∞]))2) =Óvol(D + (0,ε[∞]))> 0, so that, by the previous obser-
vation,D +(0,ε[∞]) is nef, and henceD is also nef.
Finally we consider the case where deg(D) = 0. ThenÓvol(D) = 0, so thatddeg(D2) = 0.
By Corollary 7.1.2,D =d(ψ)R+(0,λ[∞]) for someψ ∈Rat(X )×R andλ ∈R. AsD is pseudo-
effective, by (2) in Proposition 4.5.4, ddeg(A ·D) ≥ 0 for any nef adelic arithmetic R-
Cartier divisor A of C 0-type. Thus we can see that λ≥ 0, and henceD is nef. 
Corollary 7.4.2. Let D and Q be adelic arithmetic R-Cartier divisors of C 0-type on X .
Then the following are equivalent:
(1) Q is the greatest element ofΥ(D), that is,Q ∈Υ(D) and L ≤Q for all L ∈Υ(D).
(2) Q is an element ofΥ(D)with the following property:ddeg(Q · B ) = 0 and ddeg(B2)< 0
for all integrable adelic arithmetic R-Cartier divisors B of C 0-type with 0 B ≤
D −Q.
Proof. (1) =⇒ (2) : By Corollary 6.2.7, Óvol(D) = Óvol(Q). Let B be an integrable adelic
arithmeticR-Cartier divisor B of C 0-type with 0 B ≤D −Q. For 0<ε≤ 1,ddeg((Q +εB )2)≤Óvol(Q +εB )
by Theorem 7.1.1. On the other hand, by using Theorem 5.3.2,ddeg((Q +εB )2)≤Óvol(Q +εB )≤Óvol(D) =Óvol(Q) =ddeg(Q2),
so that ddeg((Q + εB )2) ≤ddeg(Q2). Therefore, 2ddeg(Q · B ) + εddeg(B2) ≤ 0. In particular,ddeg(Q · B ) ≤ 0. Moreover, asQ is nef and B is effective, by (2) in Proposition 4.5.4, we
haveddeg(Q · B )≥ 0, and henceddeg(Q · B ) = 0.
Q + B is not nef because B 	 0, so that, by Theorem 7.4.1,ddeg((Q + B )2)<Óvol(Q + B ) =Óvol(Q) =ddeg(Q2).
Therefore,ddeg(B2)< 0.
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(2) =⇒ (1) : Let L be an element of Υ(D). If we set A := max{Q,L} and B := A −Q ,
then B is effective, A ≤D and A is nef by Lemma 6.2.5. Moreover,
B = A −Q ≤D −Q.
If we assume B 	 0, then, by the property,ddeg(Q · B ) = 0 andddeg(B2)< 0. On the other
hand, as A is nef and B is effective,
0≤ddeg(A · B ) =ddeg(Q + B · B ) =ddeg(B2),
which is a contradiction, so that B = 0, that is, Q = A, which means that L ≤ Q , as
required. 
Appendix A. CHARACTERIZATION OF RELATIVELY NEF CARTIER DIVISORS
In this appendix, we consider a characterization of relatively nef Cartier divisors in
terms of asymptotic multiplicities. Let k be a field and v a complete discrete valua-
tion of k . Let ̟ be a uniformizing parameter of k ◦. Note that the valuation v is not
necessarily non-trivial.
A.1. Asymptoticmultiplicity. LetX be a (d +1)-dimensional, proper and normal va-
riety over k ◦ (cf. Conventions and terminology 0.5.4), that is, the Krull dimension of
X is d + 1, X is proper over Spec(k ◦) and X is integral and normal. We denote the
rational function field ofX by Rat(X ). Let WDiv(X ) and Div(X ) denote the group of
Weil divisors onX and the group of Cartier divisors onX , respectively. In addition, for
a point x ∈X , let Div(X ;x ) be the subgroup of WDiv(X ) consisting of Weil divisorsD
onX such that D = (φ) around x for some φ ∈ Rat(X )×, that is, D is a Cartier divisor
around x . Note that
Div(X )⊆Div(X ;x )⊆WDiv(X ).
For example, if x is a regular point ofX , then Div(X ;x ) =WDiv(X ). We set
WDiv(X )R :=WDiv(X )⊗ZR,
Div(X )R :=Div(X )⊗ZR,
Div(X ;x )R :=Div(X ;x )⊗ZR.
Let K be eitherQ or R and let Rat(X )×K := (Rat(X )
×,×)⊗ZK. Note that the homomor-
phism
( · ) : Rat(X )×→Div(X )
given by f 7→ ( f ) has the natural extension
( · ) : Rat(X )×K→Div(X )R,
that is, forφ = f ⊗a 11 · · · f
⊗a r
r
∈Rat(X )×K ( f 1, . . . , f r ∈Rat(X )
×, a 1, . . . ,a r ∈K),
(φ) = a 1( f 1)+ · · ·+a r ( f r ).
Let D be an R-Weil divisor on X , that is, D ∈ WDiv(X )R. We define Γ×(X ,D) and
Γ×K(X ,D) to be Γ×(X ,D) :=

φ ∈Rat(X )× | D +(φ)≥ 0
	
,
Γ×K(X ,D) :=

φ ∈Rat(X )×K | D +(φ)≥ 0
	
.
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Letw : Rat(X )→R∪ {∞} be an additive discrete valuation over k . Namely, w satisfies
the following conditions:
(1) w ( f · g ) =w ( f )+w (g ) for all f , g ∈Rat(X ).
(2) w ( f + g )≥min{w ( f ),w (g )} for all f , g ∈Rat(X ).
(3) f = 0 if and only ifw ( f ) =∞.
(4) w (a ) =− logv (a ) for all a ∈ k×.
Let Ow be the valuation ring ofw andmw its maximal ideal, that is,
Ow =

f ∈Rat(X ) |w ( f )≥ 0
	
and mw =

f ∈Rat(X ) |w ( f )> 0
	
.
Note that k ◦ ⊆ Ow and k ◦◦ ⊆ mw , so that Ow /mw is a k ◦/k ◦◦-algebra. We say w is a
divisorial valuation of Rat(X ) over k if trdegk ◦/k ◦◦Ow /mw = d . For a divisorial valua-
tion w of Rat(X ) over k , there are a normal variety V over k ◦, a vertical prime divisor
Γ on V and a birational morphism µ : V → X over Spec(k ◦) such that w = a ordΓ for
some a ∈ R>0. Indeed, it can be shown as follows: We may assume that v is non-
trivial. Otherwise the assertion follows from [34, Chapter VI, § 14, Theorem 31]. We
choose x1, . . . ,xd ∈ Ow such that x1, . . . ,xd form a transcendental basis of Ow /mw over
k ◦/k ◦◦. Then Rat(X ) is a finite extension of k (x1, . . . ,xd ) and the transcendental de-
gree of k ◦[x1, . . . ,xd ]/k ◦[x1, . . . ,xd ]∩mw over k ◦/k ◦◦ is d . Let R be the normalization of
k ◦[x1, . . . ,xd ] in Rat(X ). Note that R is finite over k ◦[x1, . . . ,xd ] because k ◦ is excellent.
In addition, R ⊆ Ow , R ∩mw is a prime ideal of R and trdegk ◦/k ◦(R/R ∩mw ) = d , which
prove the assertion.
We denote the set of all divisorial valuations of Rat(X ) over k by DValk (X ). AsX is
proper and separated over Spec(k ◦), there is a uniquemorphism t : Spec(Ow )→ X such
that the following diagram is commutative:
Spec(Rat(X )) //

X

Spec(Ow )
t
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♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
// Spec(k ◦)
Let x be the image of the closed pointmw by t . The point x is called the center of w on
X . Note that x ∈ X◦ (the central fiber ofX → Spec(k ◦)). For D ∈ Div(X ;x ), multw (D)
is defined byw ( f ), where f is a local equation ofD at x . In this way, we have a map
multw : Div(X ;x )→Z.
It is easy to see that multw is a homomorphism, so that we have the natural extension
multw : Div(X ;x )R→R,
that is,
multw (a 1D1+ · · ·+a rDr ) = a 1multw (D1)+ · · ·+a r multw (Dr ),
whereD1, . . . ,Dr ∈Div(X ;x ) and a 1, . . . ,a r ∈R.
ForD ∈Div(X ;x )R, we define µK,w (D) to be
µK,w (D) :=
(
inf

multw (D +(φ)) |φ ∈ Γ
×
K(X ,D)
	
if Γ×K(X ,D) 6= ;,
∞ otherwise,
which is called the K-asymptotic multiplicity of D at w . Here we give one additional
definition. An R-Cartier divisor D (i.e. D ∈ Div(X )R) is said to be big if D is big on
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the generic fiber X → Spec(k ◦). First let us observe elementary properties of the as-
ymptotic multiplicity. The arithmetic version can be found in [25, Proposition 2.1 and
Theorem 2.5] and Proposition 7.2.1.
Proposition A.1.1. Let w be a divisorial valuation of Rat(X ) over k and x the center of
w onX . For D,E ∈Div(X ;x )R, we have the following:
(1) µK,w (D +E )≤µK,w (D)+µK,w (E ).
(2) If D ≤E , then µK,w (E )≤µK,w (D)+multw (E −D).
(3) µK,w (D +(φ)) = µK,w (D) for φ ∈Rat(X )
×
K.
(4) µK,w (aD) = aµK,w (D) for a ∈K>0.
(5) 0≤µR,w (D)≤µQ,w (D).
(6) Let ν :Y →X be a birational morphism of proper and normal varieties over k ◦.
(6.1) IfD is anR-Cartier divisor onX , then µK,w (ν ∗(D)) =µK,w (D).
(6.2) Let x and y be the centers of w onX and Y , respectively (note that ν(y ) =
x ). We assume that ν is an isomorphism over x . Then, for D ′ ∈Div(Y ;y ),
µK,w (ν∗(D
′))≤µK,w (D
′).
(7) If D is an R-Cartier divisor on X and D is relatively nef with respect to X →
Spec(k ◦) (cf. Conventions and terminology 0.5.6) and big, then µK,w (D) = 0.
(8) If D is an R-Cartier divisor onX and D is big, then µQ,w (D) =µR,w (D).
Proof. (1) If Γ×K(X ,D + E ) = ;, then either Γ
×
K(X ,D) = ; or Γ
×
K(X ,E ) = ;, so that we
may assume that Γ×K(X ,D + E ) 6= ;. Thus we may also assume that Γ
×
K(X ,D) 6= ; and
Γ×K(X ,E ) 6= ;. Therefore, the assertion follows because φψ ∈ Γ
×
K(X ,D + E ) for all φ ∈
Γ×K(X ,D) andψ ∈ Γ
×
K(X ,E ).
(2) is derived from (1).
(3) The assertion follows from the following:
ψ ∈ Γ×K(X ,D) ⇐⇒ ψφ
−1 ∈ Γ×K(X ,D +(φ)).
(4) Note thatψ ∈ Γ×K(X ,D) if and only ifψ
a ∈ Γ×K(X ,aD), and that
multw (aD +(ψ
a )) = amultv (D +(ψ)),
which implies (4).
(5) is obvious.
(6.1) Forφ ∈Rat(X )×K,D +(φ)X ≥ 0 if and only if ν
∗(D)+ (φ)Y ≥ 0. Thus
Γ×K(X ,D) = Γ
×
K(Y ,ν
∗(D)).
Moreover,
multw (D +(φ)X ) =multw (ν
∗(D)+ (φ)Y ).
Therefore, we have (6.1).
(6.2) Letφ ∈ Γ×K(Y ,D
′), that is,D ′+(φ)Y ≥ 0. Then
0≤ ν∗(D
′+(φ)Y ) = ν∗(D
′)+ (φ)X .
The above observation means that Γ×K(Y ,D
′) ⊆ Γ×K(X ,ν∗(D
′)). Moreover, by our as-
sumption,
multw (D ′+(φ)Y ) =multw (ν∗(D ′)+ (φ)X )
forφ ∈ Γ×K(Y ,D
′). Thus the assertion follows.
(7) Let us begin with the following claim:
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Claim A.1.1.1. If X is projective over Spec(k ◦), then, for any Cartier divisor E on X ,
there are effective Cartier divisorsA andB onX such that E =A −B .
Proof. Let H be an ample Cartier divisor on X . Let E = e1Γ1 + · · ·+ e rΓr be the de-
composition as a Weil divisor. As H is ample, for a sufficiently large l , there is φ ∈
H 0(X , lH )\{0} such thatA := lH +(φ) is effective andmultΓi (A )≥ e i for i = 1, . . . ,r .
ThusB :=A −E is effective and E =A −B . 
Let us go back to the proof of (7). By (5), it is sufficient to show that µQ,w (D) = 0.
By using Chow’s lemma together with (6.1), we may assume that X is projective over
Spec(k ◦). First we assume that D is an ample Q-Cartier divisor. Then there is φ ∈
Γ×Q(X ,D) such that multw (D +(φ)) = 0, and hence µQ,w (D) = 0.
Next we assume thatD is ample. By using Claim A.1.1.1, we can set
D = a 1D1+ · · ·+a rDr ,
where D1, . . . ,Dr are effective Cartier divisors and a 1, . . . ,a r ∈ R. For any n > 0, there
are δ1, . . . ,δr ∈R such that 0< δi < 1/n and a i −δi ∈Q for all i and that (a 1−δ1)D1+
· · ·+(a r −δr )Dr is ample. Then, by (2) and the previous case,
µQ,w (D)≤µQ,w ((a 1−δ1)D1+ · · ·+(a r −δr )Dr )+multQ,w (δ1D1+ · · ·+δrDr )
≤δ1multw (D1)+ · · ·+δr multw (Dr )
≤ (1/n )(multw (D1)+ · · ·+multw (Dr )),
which proves the assertion in this case.
Let us consider a general case.
Claim A.1.1.2. There are an ample Q-Cartier divisor A on X and φ ∈ Rat(X )×Q such
that E :=D−A +(φ) is effective.
Proof. If v is trivial, then k ◦ = k , so that the assertion is obvious. We assume that v
is non-trivial. LetA ′ be an ample Cartier divisor on X . Let X be the generic fiber of
X → Spec(k ◦), D := D ∩X and A ′ :=A ′ ∩X . Then, as D is big, there are n ∈ Z>0 and
φ1 ∈Rat(X )× such that
nD −A ′+(φ1)≥ 0
on X . Therefore, we can findm ∈Z>0 such that nD−A ′+(φ1)+m (̟)≥ 0, and hence,
D− (1/n )A ′+(φ1/n1 ̟
m/n )≥ 0, as required. 
AsA + (1− ε)E = εA + (1− ε)(D + (φ)) is ample for 0 < ε < 1, by using (2), (3) and
the previous assertion in the case whereD is ample,
µQ,w (D) =µQ,w (A +E +(φ
−1)) =µQ,w (A +E ) =µQ,w (A +(1−ε)E +εE )
≤µQ,w (A +(1−ε)E )+εmultw (E )≤ εmultw (E ),
and hence µQ,w (D) = 0.
(8) In the sameway as (7), wemay assume thatX is projective over Spec(k ◦). Letφ =
φa 11 · · ·φ
a r
r
∈ Γ×R(X ,D), where φ1, . . . ,φr ∈ Rat(X )
× and a 1, . . . ,a r ∈ R. By Claim A.1.1.1,
for each i , there are effective Cartier divisorsAi andBi onX such that (φi ) =Ai−Bi .
Here we consider a map f :Qr →R∪ {∞} given by
f (t1, . . . , tr ) =µQ,w (D + t1B1+ · · ·+ trBr ).
Claim A.1.1.3. lim
(t1,...,tr )→(0,...,0)
(t1,...,tr )∈Qr
f (t1, . . . , tr ) = f (0, . . . ,0) =µQ,w (D).
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Proof. First note that there is a positive rational number c such thatD+t1B1+· · ·+trBr
is big for (t1, . . . , tr ) ∈ (−c ,∞)r ∩Qr . Moreover, by using (1) and (4), we can see that f is
a convex function over Q, that is, f (λt + (1−λ)t ′) ≤ λ f (t ) + (1−λ) f (t ′) for t , t ′ ∈ Qr
and λ ∈ [0,1]∩Q. Therefore, by virtue of [24, Proposition 1.3.1], there is a continuous
function f˜ : (−c ,∞)r →R such that f˜ = f on (−c ,∞)r ∩Qr , which shows the assertion
of the claim. 
For each i = 1, . . . ,r and n ∈Z>0, we choose t i ,n ∈R and t ′i ,n ∈Q such that a i+t i ,n ∈Q
and 0≤ t i ,n ≤ t ′i ,n ≤ 1/n . Then
D +
∑
i
t ′
i ,nBi +
∑
i
(a i + t i ,n )(φi )≥D +
∑
i
t i ,nBi +
∑
i
(a i + t i ,n )(φi )
=D +
∑
i
a i (φi )+
∑
i
t i ,nAi ≥ 0,
and hence
µQ,w

D +
∑
i
t ′
i ,nBi

≤multw

D +
∑
i
t ′
i ,nBi +
∑
i
(a i + t i ,n )(φi )

.
Thus, taking the limits as n→∞ together with Claim A.1.1.3, we have
µQ,w (D)≤multw

D +
∑
i
a i (φi )

,
which gives rise to µQ,w (D)≤µR,w (D), so that (8) follows from (5). 
A.2. Sectional decomposition. Let X be a regular and proper variety over k ◦. Let D
be anR-Cartier divisor onX . We assume that Γ×(X ,D) 6= ;. We set
Bs(D) :=
⋂
φ∈Γ×(X ,D) SuppR(D +(φ)),
F (D) :=
∑
Γ
inf

multΓ(D +(φ)) |φ ∈ Γ×(X ,D)
	
·Γ,
P (D) :=D−F (D),
where Γ runs over all prime divisors on X . Note that the above “inf” can be replaced
by “min” because the set

multΓ(D +(φ)) |φ ∈ Γ×(X ,D)
	
is discrete in R. The decom-
positionD =P (D)+F (D) is called the sectional decomposition of D.
LemmaA.2.1. (1) The natural inclusion map
H 0(X ,P (D))→H 0(X ,D)
is bijective.
(2) codimBs(P (D))≥ 2.
Proof. By our construction, D + (φ) ≥ F (D) for all φ ∈ Γ×(X ,D). Thus (1) follows.
Moreover, if codimBs(P (D)) = 1, then there is a prime divisor Γ such that
multΓ(P (D)+ (φ))> 0
for all φ ∈ Γ×(X ,D), that is, multΓ(D + (φ))>multΓ(F (D)) for all φ ∈ Γ×(X ,D), which
is a contradiction. 
From now on, we assume that Γ×Q(X ,D) 6= ;. We set
N (D) := {m ∈Z≥1 | Γ
×(X ,mD) 6= ;}.
Note thatN (D) 6= ;. Form ∈N (D), we setFm :=F (mD) andPm :=P (mD).
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LemmaA.2.2. (1) Fm +Fm ′ ≥Fm+m ′ for m ,m ′ ∈N (D). In particular,
inf
m∈N (D)

multw (Fm )
m

= lim
m→∞,
m∈N (D)
multw (Fm )
m
for all w ∈DValk (X ) (cf. [29, Chapter 3, 98]).
(2) µQ,Γ(D) = inf
m∈N (D)

multΓ(Fm )
m

for all prime divisors Γ onX .
Proof. (1) is obvious because φφ′ ∈ Γ×(X , (m +m ′)D) for all φ ∈ Γ×(X ,mD) and φ′ ∈
Γ×(X ,m ′D). For (2), note that
Γ×Q(X ,D) =
⋃
m∈N (D)
 
Γ×(X ,mD)
1/m .

A.3. Characterization in terms of µw . The following theorem is a characterization of
relatively nef Cartier divisors in terms of the asymptotic multiplicity.
Theorem A.3.1. Let X be a (d + 1)-dimensional, proper and normal variety over k ◦
and let D be an R-Cartier divisor on X . If Γ×Q(X ,D) 6= ; and µQ,w (D) = 0 for all w ∈
DValk (X ), thenD is relatively nef. In particular, ifD is big, then the following are equiv-
alent:
(1) D is relatively nef with respect toX → Spec(k ◦).
(2) µQ,w (D) = 0 for all w ∈DValk (X ).
(3) µR,w (D) = 0 for all w ∈DValk (X ).
Proof. Let us begin with the following claim:
Claim A.3.1.1. Let Y be a normal and proper variety over k ◦ and let ν : Y → X be a
dominant morphism over Spec(k ◦) such that Rat(Y ) is algebraic over Rat(X ). If
Γ×Q(X ,D) 6= ; and µQ,w (D) = 0
for all w ∈DValk (X ), then µQ,w ′(ν ∗(D)) = 0 for all w ′ ∈DValk (Y ).
Proof. Let w ′ be a divisorial valuation of Rat(Y ) over k and let w be the restriction of
w ′ to Rat(X ). As Rat(Y ) is algebraic over Rat(X ), we can see that Ow ′/mw ′ is algebraic
overOw /mw , so thatw is a divisorial valuation of Rat(X ) over k . Then, for anR-Cartier
divisorL onX , multw ′(ν ∗(L )) =multw (L ). Thus,
µQ,w ′(ν
∗(D)) = inf
n
multw ′(ν
∗(D)+ (ψ)) |ψ ∈ Γ×Q(Y ,ν
∗(D))
o
≤ inf
n
multw ′(ν
∗(D+(φ))) |φ ∈ Γ×Q(X ,D)
o
= inf
n
multw (D+(φ)) |φ ∈ Γ
×
Q(X ,D)
o
=µQ,w (D),
which prove the claim. 
Claim A.3.1.2. Wemay assume thatX is regular and projective over Spec(k ◦).
Proof. We assume that the theorem holds if X is regular and projective. By de Jong’s
theorem [13], there is a regular and projective varietyY over k ◦ together with a domi-
nant morphism µ :Y →X over Spec(k ◦) such that Rat(Y ) is algebraic over Rat(X ). By
the previous claim and our assumption, we can see that ν ∗(D) is relatively nef, so that
D is also relatively nef. 
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Let C be an irreducible and reduced curve onX◦. Let us see (D ·C ) ≥ 0. Clearly we
may assume that D is effective and C ⊆ SuppR(D). There is a succession of blowing-
ups ρ : X˜ →X at closed points such that the strict transform C˜ of C is regular (cf. [17,
Theorem 1.101]). If (ρ∗(D) ·C˜ )≥ 0, then (D ·C ) = (ρ∗(D) ·C˜ )≥ 0, so that wemay assume
thatC is regular.
Let π : Y → X be the blowing-up along C and let E be the exceptional set of π.
Let D ′ be the strict transform of D. Then π∗(D) = D ′ + eE for some e ∈ Z>0. Let H
be a very ample divisor on E . Choosing general members H1, . . . ,Hd−1 of |H |, we set
C ′ = H1 ∩ · · · ∩Hd−1 and π∗(C ′) = aC for some a ∈ Z>0. As H1, . . . ,Hd−1 are general,
C ′ 6⊆ SuppR(D
′)∩E . If (E ·C ′) = (OX (E )|E ·Hd−1)≥ 0, then
a (D ·C ) = (π∗(D) ·C ′) = (D ′ ·C ′)+ e (E ·C ′)≥ 0.
Thus we may assume (OX (E )|E ·Hd−1)< 0.
Letmπ∗(D) =Pm +Fm be the sectional decomposition ofmπ∗(D). By virtue of (1)
in Lemma A.2.2, there are finitelymany prime divisors Γ1, . . . ,Γr ofY such that
Fm = am ,1Γ1+ · · ·+am ,rΓr
for some am ,1, . . . ,am ,r ∈ R≥0. First we assume that Γi 6= E for all i = 1, . . . ,r . Choosing
general membersH1, . . . ,Hd−2 ∈ |H | if necessarily, we have
C ′ 6⊆ (Bs(Pm )∪Γ1∪ · · · ∪Γr )∩E ,
and hence
am (D ·C ) = (π∗(mD) ·C ′) = (Pm ·C
′)+
r∑
i=1
am ,i (Γi ·C
′)≥ 0.
Therefore, we may assume that Γ1 = E . By (2) in Lemma A.2.2 and our assumption,
lim
m→∞
am ,1/m = 0. For any ε > 0, we choose m such that 0 ≤ am ,1/m ≤ ε. As before,
choosing general membersH1, . . . ,Hd−2 ∈ |H | if necessarily,
C ′ 6⊆ (Bs(Pm )∪Γ2∪ · · · ∪Γr )∩E
holds, so that (Pm ·C ′)≥ 0 and (Γi ·C ′)≥ 0 for i = 2, . . . ,r . Thus
a (D ·C ) = (π∗(D) ·C ′)≥ (am ,1/m )(E ·C
′)≥ ε(OX (E )|E ·H
d−2).
Therefore (D ·C )≥ 0 because ε is an arbitrary small number.
Finally, the last assertion of the theorem follows from the first assertion, (7) and (8)
in Proposition A.1.1. 
As a corollary, we have the following characterization of relatively nefR-Cartier divi-
sors. It is proved in [6, Theorem 5.11 and Lemma 5.12] in the case where the character-
istic of k ◦/k ◦◦ is zero. In general, it seems to be proved by Thuillier. Note that our proof
is based on de Jong’s alteration.
Corollary A.3.2. Let X be a proper and normal variety over k and let L be an R-Cartier
divisor on X . Let X be a normal model of X over Spec(k ◦) and let L be an R-Cartier
onX with L ∩X = L. We assume there is a sequence {(Xn ,Ln )}
∞
n=1 with the following
properties:
(1) Xn is a normal model of X over Spec(k ◦).
(2) Ln is a relatively nefR-Cartier divisor onXn such thatLn ∩X = L.
(3) limn→∞multw (Ln ) =multw (L ) for all w ∈DValk (X ).
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ThenL is relatively nef.
Proof. If v is trivial, then the assertion is obvious, so that we assume that v is non-
trivial. Clearly we may assume that there is a birational morphism νn : Xn →X over
k ◦. By using Chow’s lemma, we have a birational morphism µ :X ′→X over k ◦ such
thatX ′ is projective over Spec(k ◦). Let X ′ be the generic fiber ofX ′→ Spec(k ◦). LetX ′
n
be the normalizationof themain component ofXn×XX ′, and let µn :X ′n →Xn be the
inducedmorphism. We set
L ′ := µ∗(L ), L′ :=L ′ ∩X ′ and L ′
n
:= µ∗
n
(Ln ).
ThenX ′
n
is a model of X ′ over Spec(k ◦) and L ′
n
is a relatively nef R-Cartier divisor on
X ′
n
such thatL ′
n
∩X ′= L′. Moreover,
multw (L ′) =multw (L ) and multw (L ′n ) =multw (Ln )
for allw ∈DValk (X ). Therefore, we may assume thatX is projective.
LetA be a relatively nef and big Cartier divisor onX . As L is nef on X , L + εA is
nef and big on X for ε> 0, so that, by virtue of Theorem A.3.1, it is sufficient to see that
µR,w (L +εA ) = 0
for all w ∈ DValk (X ) and ε > 0. Replacing X by a suitable birational model, we may
assume that there is a vertical prime divisor Γ on X such that w = a ordΓ for some
positive number a . Let X◦ = a 1Γ1 + · · ·+ a rΓr be be the irreducible decomposition of
the central fiberX◦ ofX → Spec(k ◦) as a Weil divisor. Renumbering Γ1, . . . ,Γr , we may
set Γ = Γ1. Let wΓi be the additive valuation over k arising from Γi . Note thatw =wΓ1 .
For a positive number δ, there isN such thatmultwΓi (L )−multwΓi (Ln )≤ a iδ
for all n ≥ N and i = 1, . . . ,r . Then (νn )∗(Ln )− δX◦ ≤ L for n ≥ N . Therefore, as
Ln −δ(Xn )◦+εν ∗n (A ) is relatively nef and big, by (2), (6.2) and (7) in Proposition A.1.1,
0≤µR,w (L +εA )
≤µR,w ((νn )∗(Ln )−δX◦+εA )
+multw (L − (νn )∗(Ln )+δX◦) (∵ (2))
=µR,w ((νn )∗(Ln −δ(Xn )◦+εν
∗
n
(A )))
+multw (L − (νn )∗(Ln )+δX◦)
≤µR,w (Ln −δ(Xn )◦+εν
∗
n
(A ))
+multw (L − (νn )∗(Ln )+δX◦) (∵ (6.2))
=multw (L − (νn )∗(Ln )+δX◦) (∵ (7))
≤ |multw (L )−multw (Ln )|+δmultw (X◦)≤ 2a 1δ
for n ≥N . Thus µR,w (L +εA ) = 0 because δ is an arbitrary positive number. 
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